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Preface

This book is the first in a collection of research monographs that are devoted to presenting
recent research, development and use of Mathematical Inequalities for Special Functions.
All the papers incorporated in the book have peen peer-reviewed and they cover a range
of topics that include both survey material of previously published works as well as new
results.

In his presentation on special functions approximations and bounds via integral represen-
tation, Pietro Cerone utilizes the classical Steffensen inequality and bounds for the Čebyšev
functional to obtain bounds for some classical special functions. The methodology relies
on determining bounds on integrals of products of functions. The techniques are used to
obtain novel and useful bounds for the Bessel function of the first kind, the Beta function,
the Zeta function and Mathieu series.

Pietro Cerone & Sever S. Dragomir then survey some recent results of the authors
concerning inequalities for Dirichlet series with positive terms. Applications for the Zeta
function and other related functions are also provided.

Stamatis Koumandos then investigates the monotonicity of the mean value function
of normalized Bessel functions of the first kind while Milan Merkle surveys the tools and
techniques that are shown useful in producing inequalities for the Euler gamma function via
convexity.

It has been over 150 years since the first formulation of the Sturm comparison theorem
concerning solutions of second order linear differential equations. In these years the theo-
rem has been extended to higher order differential equations, to partial differential equations
and to difference equations. The aim of the paper authored by Andrea Laforgia & Pier-
paolo Natalini is to present a survey of the most important inequalities and monotonicity
properties of the zeros of Bessel functions. The results are obtained as a consequence of
the Sturm comparison theorem. The notion of hyperharmonic numbers is rather new. In
his contribution, Some Inequalities for Hyperharmonic Series, István Mezö establishes some
new inequalities for these numbers as well as an upper bound for Ramsey numbers.

Further, Edward Newman establishes some new Hermite-Hadamard type inequalities for
double Dirichlet averages of univariate functions and investigates their applications to special
functions with emphasis on Lauricellas hypergeometric function FB and Jacobi polynomials
while Baburao G. Pachpatte obtains some new inequalities of Hermite-Hadamard type for
the product of two convex respectively two logarithmic convex functions.

In his contribution on certain special functions of Number Theory and Mathematical
Analysis, József Sándor offers a survey of results on certain special number theoretical
functions as well as their real variable analogues that have been initiated by the author.

In his paper Tibor K. Pogány investigates the growth rates of the Weierstrass functions
℘′(z) and ℘(z) while Mehmet Zeki Sarikaya and Hüseyin Yildirim explore properties of the
operator ⊕kB Related to the Bessel-wave equation and the Laplacian-Bessel operator.

Finally, on utilising the concept of majorant sequence some new inequalities for Walsh
polynomials with p-times complex semi-monotone and p-times complex monotone sequence
are obtained by Zivorad Tomovski. Inequalities for p-times monotone sequences of nonneg-
ative real numbers are also obtained. These results generalize some inequalities for Walsh
polynomials with semi-monotone and semi-convex coefficients, obtained by the author in an
earlier paper.

We hope that you find the volume interesting, stimulating and suggestive of new ideas
for future research in the highly dynamic field of Special Function Theory.

P. Cerone and S. S. Dragomir, Editors.
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obtain bounds for some classical special functions. The methodology relies on determining
bounds on integrals of products of functions. The above techniques are used to obtain novel
and useful bounds for the Bessel function of the first kind, the Beta function, the Zeta function
and Mathieu series.

1991 Mathematics Subject Classification: Primary 26D15, 26D20; Secondary 26D10.
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1 Introduction and Review of Some Recent Results

There are a number of results that provide bounds for integrals of products of functions.
The main techniques that shall be employed in the current article involve the Steffensen
inequality and a variety of bounds related to the Čebyšev functional. There have been some
developments in both of these in the recent past with which the current author has been
involved. These have been put to fruitful use in a variety of areas of applied mathematics
including quadrature rules, in the approximation of integral transforms, as well as in applied
probability problems (see [30], [20] and [12]).

It is intended that in the current article the techniques will be utilised to obtain useful
bounds for special functions. The methodologies will be demonstrated through obtaining
bounds for the Bessel function of the first kind, the Beta function, the Zeta function and
Mathieu series.

It is instructive to introduce some techniques for approximating and bounding integrals
of the product of functions. We first present inequalities due to Steffensen and then review
bounds for the Čebyšev functional.

The following theorem is due to Steffensen [52] (see also [12] and [17]).

Theorem 1.1. Let h : [a, b] → R be a nonincreasing mapping on [a, b] and g : [a, b] → R be
an integrable mapping on [a, b] with

−∞ < φ ≤ g (t) ≤ Φ < ∞ for all x ∈ [a, b] ,
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then

φ

∫ b−λ

a

h (x) dx+ Φ
∫ b

b−λ
h (x) dx ≤

∫ b

a

h (x) g (x) dx(1.1)

≤ Φ
∫ a+λ

a

h (x)dx+ φ

∫ b

a+λ

h (x) dx,

where

(1.2) λ =
∫ b

a

G (x) dx, G (x) =
g (x) − φ

Φ − φ
, Φ 6= φ.

Remark 1.1. We note that the result (1.1) may be rearranged to give Steffensen’s better
known result that

(1.3)
∫ b

b−λ
h (x) dx ≤

∫ b

a

h (x)G (x) dx ≤
∫ a+λ

a

h (x) dx,

where λ is as given by (1.2) and 0 ≤ G (x) ≤ 1.
Equation (1.3) has a very pleasant interpretation, as observed by Steffensen, that if we

divide by λ then

(1.4)
1
λ

∫ b

b−λ
h (x)dx ≤

∫ b
a
G (x)h (x) dx
∫ b
a
G (x) dx

≤ 1
λ

∫ a+λ

a

h (x) dx.

Thus, the weighted integral mean of h (x) is bounded by the integral means over the end
intervals of length λ, the total weight.

Now, for two measurable functions f, g : [a, b] → R, define the functional, which is known
in the literature as Čebyšev’s functional, by

(1.5) T (f, g) := M (fg) −M (f)M (g) ,

where the integral mean is given by

(1.6) M (f) :=
1

b− a

∫ b

a

f (x)dx.

The integrals in (1.5) are assumed to exist.
The weighted Čebyšev functional is defined by

(1.7) T (f, g; p) := M (fg; p) −M (f ; p)M (g; p) ,

where the weighted integral mean M (f ; p) is given by

(1.8) P ·M (f ; p) =
∫ b

a

p (x) f (x) dx, P =
∫ b

a

p (x)dx

with the weight P satisfying 0 < P < ∞.
We note that

T (f, g; 1) ≡ T (f, g) and M (f ; 1) ≡ M (f) .

We further note that bounds for (1.5) and (1.7) may be looked upon as approximating
the integral mean of the product of functions in terms of the product of integral means which
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are more easily calculated explicitly. Bounds are perhaps best procured from identities. It
is worthwhile noting that a number of identities relating to the Čebyšev functional already
exist (The reader is referred to [42] Chapters IX and X.). Korkine’s identity is well known,
see [42, p. 296] and is given by

(1.9) T (f, g) =
1

2 (b− a)2

∫ b

a

∫ b

a

(f (x) − f (y)) (g (x) − g (y)) dxdy.

It is identity (1.9) that is often used to prove an inequality due to Grüss for functions
bounded above and below, [42]. Namely, the Grüss inequality [38] is given by

(1.10) |T (f, g)| ≤ 1
4
(
Φf − φf

) (
Φg − φg

)
,

where φf ≤ f (x) ≤ Φf for x ∈ [a, b] , with φf , Φf constants and similarly for g (x) .
The interested reader is also referred to Dragomir [29] and Fink [35] for extensive treat-

ments of the Grüss and related inequalities.
Identity (1.9) may also be used to prove the Čebyšev inequality which states that for

f (·) and g (·) synchronous, namely (f (x) − f (y)) (g (x) − g (y)) ≥ 0, a.e. x, y ∈ [a, b] , then

(1.11) T (f, g) ≥ 0.

As mentioned earlier, there are many identities involving the Čebyšev functional (1.5)
or more generally (1.7). Recently, Cerone [12] obtained, for f, g : [a, b] → R where f is of
bounded variation and g continuous on [a, b] , the identity

(1.12) T (f, g) =
1

(b− a)2

∫ b

a

ψ (t) df (t) ,

where

(1.13) ψ (t) = (t− a)G (t, b) − (b− t)G (a, t)

with

(1.14) G (c, d) =
∫ d

c

g (x) dx.

The following theorem was proved in [12].

Theorem 1.2. Let f, g : [a, b] → R, where f is of bounded variation and g is continuous
on [a, b] . Then

(1.15) (b− a)2 |T (f, g)| ≤





sup
t∈[a,b]

|ψ (t)|
b∨
a

(f) ,

L
∫ b
a
|ψ (t)| dt, for f L − Lipschitzian,

∫ b
a
|ψ (t)| df (t) , for f monotonic nondecreasing,

where
∨b
a (f) is the total variation of f on [a, b] .
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The bounds for the Čebyšev functional were utilised to procure approximations to mo-
ments and moment generating functions in [12] and [22].

The reader is referred to [30] and the references therein for applications to numerical
quadrature of trapezoidal and Ostrowski functionals, which were shown to be related to the
Čebyšev functional in [16].

For other Grüss type inequalities, see the books [8] and [42], and the papers [19], [21],
[25], [28], [29], where further references are given.

Recently, Cerone and Dragomir [19] – [21] have pointed out generalisations of the above
results for integrals defined on two different intervals [a, b] and [c, d] and more generally in
a measurable space setting (see also, [7] and [15]).

The functional T (f, g; p) defined in (1.7) satisfies a number of identities including that
due to Sonin [47]

(1.16) P · |T (f, g; p)| =

∣∣∣∣∣

∫ b

a

p (x) (f (x) − γ) (g (x) −M (g; p)) dx

∣∣∣∣∣

to give

(1.17) P · |T (f, g; p)| ≤





inf
γ∈R

‖f (·) − γ‖
∫ b

a

p (x) |g (x) −M (g; p)| dx,

(∫ b

a

p (x) (f (x) −M (f ; p))2 dx

) 1
2

×

(∫ b

a

p (x) (g (x) −M (g; p))2 dx

)1
2

,

where

(1.18)
∫ b

a

p (x) (h (x) −M (h; p))2 dx =
∫ b

a

p (x)h2 (x) dx− P ·M2 (h; p)

and P is as defined in (1.8). Further, it may be easily shown by direct calculation that,

(1.19) inf
γ∈R

[∫ b

a

p (x) (f (x) − γ)2 dx

]
=
∫ b

a

p (x) (f (x) −M (f ; p))2 dx.

Some of the above results are used to find bounds for the Bessel function (Section 2),
the Beta function (Section 3), the Zeta function (Section 4) and Mathieu series (Section 5).

2 Bounding the Bessel Function

In this section we investigate techniques for determining bounds on the Bessel function of
the first kind (see also [13], [14]).

In Abramowitz and Stegun [1] equation (9.1.21) defines the Bessel of the first kind

(2.1) Jν (z) = γν (z)
∫ 1

0

(
1 − t2

)ν−1
2 cos (zt) dt, Re (ν) > −1

2
,

where

(2.2) γν (z) =
2
(
z
2

)ν
√
πΓ
(
ν + 1

2

) .

For the current work the interest is in both z and ν real.
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Theorem 2.1. For z real then

1
2
B

(
1
2
, ν +

1
2

)
−B

(
1
2
, ν +

1
2
; (1 − λ)2

)
(2.3)

≤ Jν (z)
γν (z)

≤ B

(
1
2
, ν +

1
2
;λ2

)
− 1

2
B

(
1
2
, ν +

1
2

)
, ν >

1
2

and

B

(
1
2
, ν +

1
2
;λ2

)
− 1

2
B

(
1
2
, ν +

1
2

)
(2.4)

≤ Jν (z)
γν (z)

≤ 1
2
B

(
1
2
, ν +

1
2

)
− B

(
1
2
, ν +

1
2
; (1 − λ)2

)
, −1

2
< ν <

1
2
,

where

(2.5) B (α, β;x) =
∫ x

0

uα−1 (1 − u)β−1
du, the incomplete Beta function,

(2.6) B (α, β) = B (α, β; 1) =
Γ (α) Γ (β)
Γ (α+ β)

, the Beta function,

and

(2.7) 2λ− 1 =
sin z
z

.

Proof. Consider the case ν > 1
2 then h (t) =

(
1 − t2

)ν− 1
2 is nonincreasing for t ∈ [0, 1] .

Further, taking g (t) = cos zt we have that −1 ≤ g (t) ≤ 1 for t ∈ [0, 1] and, from (1.2)

λ =
1
2

∫ 1

0

(cos zt + 1) dt =
1
2

(
1 +

sin z
z

)
.

Thus, from Theorem 1.1, we have

−
∫ 1−λ

0

(
1− t2

)ν− 1
2 dt+

∫ 1

1−λ

(
1 − t2

)ν−1
2 dt

≤ Jν (z)
γν (z)

≤
∫ λ

0

(
1 − t2

)ν− 1
2 dt−

∫ 1

λ

(
1 − t2

)ν− 1
2 dt,

that is,
∫ 1

0

(
1 − t2

)ν− 1
2 dt− 2

∫ 1−λ

0

(
1 − t2

)ν− 1
2 dt(2.8)

≤ Jν (z)
γν (z)

≤ 2
∫ λ

0

(
1 − t2

)ν−1
2 dt−

∫ 1

0

(
1 − t2

)ν− 1
2 dt.
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If we let

(2.9) G (α) =
∫ α

0

(
1 − t2

)ν− 1
2 dt

then (2.8) becomes

(2.10) G (1) − 2G (1 − λ) ≤ Jν (z)
γν (z)

≤ 2G (λ) − G (1) .

A simple change of variable u = t2 in (2.9) gives

G (α) =
1
2

∫ α2

0

u−
1
2 (1 − u)ν−

1
2 du

and so

(2.11) G (α) =
1
2
B

(
1
2
, ν +

1
2
, α2

)
,

where B (α, β;x) is the incomplete beta function as given by (2.5).
Thus substituting (2.11) into (2.10) produces (2.3).
For −1

2
< ν < 1

2
then h (t) is nondecreasing for t ∈ [0, 1] and thus the inequalities in

(2.2) are reversed, or equivalently, the bounds are swapped to produce (2.4).

Remark 2.1. If we take ν = 1
2 in either (2.3) or (2.4) then equality is obtained. Namely,

J 1
2

(z)

γ 1
2

(z)
=

sin z
z

.

Remark 2.2. We note from (2.1) that we may obtain a classical bound (see [1, p. 362])
for Jν (z) , namely

|Jν (z)| ≤
2
(

|z|
2

)ν

√
πΓ
(
ν + 1

2

)
∫ 1

0

(
1 − t2

)ν− 1
2 dt,

where from (2.9) and (2.11)

(2.12)
∫ 1

0

(
1 − t2

)ν− 1
2 dt =

1
2
B

(
1
2
, ν +

1
2

)
=

1
2
·
Γ
(

1
2

)
Γ
(
ν + 1

2

)

Γ (ν + 1)

to give

(2.13) |Jν (z)| ≤
∣∣∣z
2

∣∣∣
ν 1

Γ (ν + 1)
.

The following theorem gives a bound on the deviation of the Bessel function from an
approximant. This is accomplished via bounds on the Čebyšev functional for which there
are numerous results.
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Theorem 2.2. The following result holds for the Bessel function of the first kind Jν (z) .
Namely,

(2.14)

∣∣∣∣∣Jν (z) −
(
z
2

)ν

Γ (ν + 1)
· sin z

z

∣∣∣∣∣

≤
(
|z|
2

)ν [ 2√
π
· Γ (2ν)
Γ2
(
ν + 1

2

)
Γ
(
2ν + 1

2

) − 1
Γ2 (ν + 1)

] 1
2

×

[(cos z
4

)2

+
1
2
−
(

sin z
z

− cos z
4

)2
] 1

2

.

Proof. From (2.1) and (2.2) consider,

(2.15) Qν (z) =
Jν (z)
γν (z)

=
∫ 1

0

(
1 − t2

)ν−1
2 cos (zt) dt.

Let f (t) =
(
1 − t2

)ν− 1
2 and g (t) = cos zt.

Now,

(2.16) M (g) =
∫ 1

0

cos (zt) dt =
sin z
z

and from (2.12)

(2.17) M (f) =
∫ 1

0

(
1 − t2

)ν−1
2 dt =

1
2
B

(
1
2
, ν +

1
2

)
=

√
π

2
·
Γ
(
ν + 1

2

)

Γ (ν + 1)
.

Thus, from (1.17)

(2.18)

∣∣∣∣∣Qν (z) −
√
π

2
·
Γ
(
ν + 1

2

)

Γ (ν + 1)
· sin z

z

∣∣∣∣∣ ≤
(∫ 1

0

f2 (t) dt−M2 (f)
)1

2

×
(∫ 1

0

g2 (t) dt−M2 (g)
) 1

2

.

We have, from (2.17),

(2.19)
∫ 1

0

f2 (t) dt =
∫ 1

0

(
1 − t2

)2ν−1
dt =

√
π

2
· Γ (2ν)
Γ
(
2ν + 1

2

)

and

(2.20)
∫ 1

0

g2 (t) dt =
∫ 1

0

cos2 (zt) dt =
1
2

(
1 +

sin z
z

· cos z
)
.

Substitution of (2.19) and (2.20) gives

(2.21)

∣∣∣∣∣Qν (z) −
√
π

2
·
Γ
(
ν + 1

2

)

Γ (ν + 1)
·
sin z
z

∣∣∣∣∣

≤



√
π

2
· Γ (2ν)
Γ
(
2ν + 1

2

) − π

4
·

(
Γ
(
ν + 1

2

)

Γ (ν + 1)

)2



1
2

×

[(cos z
4

)2

+
1
2
−
(

sin z
z

− cos z
4

)2
] 1

2

,
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Figure 1: Visual representation of the left and right hand expression given by (2.14) for
0.5 ≤ ν ≤ 2.5 and 0 ≤ z ≤ 5.

and so (2.14) is obtained on multiplication of (2.21) by |γν (z)| .

Remark 2.3. Figure 1 presents a visual depiction of both the left and right hand sides of
(2.14) for 0.5 < ν < 2.5 ad 0 ≤ z ≤ 5 while Figure 2 presents the difference of the left hand
side from the right hand side. It may clearly be seen that the bound is better for lower values
of z and ν as expected.

Figure 3 shows the difference between the classical upper bound and |Jν (z)| as given by
(2.13). Figure 4 provides a comparison to Figure 3 where the upper bound is procured from
the result (2.14). It may clearly be noticed from these two figures that the current results
are better than the classical result given by (2.13).

3 Bounding the Beta Function

The incomplete beta function is defined by

(3.1) B (x, y; z) =
∫ z

0

tx−1 (1 − t)y−1
dt, 0 < z ≤ 1.

We shall restrict our attention to x > 1 and y > 1.
In this region we observe that

(3.2) 0 ≤ tx−1 ≤ zx−1 and (1 − z)y−1 ≤ (1 − t)y−1 ≤ 1

with tx−1, an increasing function and (1 − t)y−1, a decreasing function, for t ∈ [0, z] .
The following theorem follows from utilizing Steffensen’s result as depicted in Theorem

1.1 [13].
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Figure 2: Plot of the left from the right hand side of the expressions given by (2.14) for
0.5 ≤ ν ≤ 2.5 and 0 ≤ z ≤ 5.

00
1
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1
1.2
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1.8 z~3
nu~ 2 4

2.22.4 5

Figure 3: Plot of
∣∣z
2

∣∣ν/Γ (ν + 1) − |Jν (z)| from (2.13) for 1 ≤ ν ≤ 2.5 and 0 ≤ z ≤ 5.
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0
1 1
1.2

-0.2

1.4 2
1.6

z~31.8

0

nu~ 2
42.2

0.2

2.4 5

0.4

Figure 4: Plot of
[(

z
2

)ν/Γ (ν + 1)
]
· sin z

z
+ b (ν, z)− |Jν (z)| for 1 ≤ ν ≤ 2.5 and 0 ≤ z ≤ 5

where b (ν, z) ≡ bound from (2.14).

Theorem 3.1. For x > 1 and y > 1 with 0 ≤ z ≤ 1 we have the incomplete Beta function
defined by (3.1) satisfying the following bounds

(3.3) max{L1 (z) , L2 (z)} ≤ B (x, y; z) ≤ min{U1 (z) , U2 (z)} ,

where

(3.4) L1 (z) =
zx−1

y

[(
1 − z +

z

x

)y
− (1 − z)y

]
, U1 (z) =

zx−1

y

[
1 −

(
1 − z

x

)y]

and

L2 (z) =
λx2 (z)
x

+ (1 − z)y−1 z
x − λx2 (z)

x
,(3.5)

U2 (z) = (1 − z)y−1 (x− λ2 (z))x

x
+
zx − (z − λ2 (z))x

x

with

(3.6) λ2 (z) =
1 − (1 − z) [1 − z (1 − y)]

y
[
1 − (1 − z)y−1

] .

Proof. If we take h (t) = (1 − t)y−1 and g (t) = tx−1, then for y > 1 and x > 1, h (t) is a
decreasing function of t and 0 ≤ g (t) ≤ zx−1. Thus, from (1.1)

(3.7) zx−1

∫ z

z−λ1

(1 − t)y−1
dt ≤

∫ z

0

tx−1 (1 − t)y−1
dt ≤ zx−1

∫ λ1

0

(1 − t)y−1
dt,
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where

λ1 = λ1 (z) =
∫ z

0

tx−1

zx−1
dt =

z

x
.

Now, ∫ λ1

0

(1 − t)y−1 dt =
1 − (1 − λ1)

y

y

and ∫ z

z−λ1

(1 − t)y−1
dt =

(1 − z + λ1)
y − (1 − z)y

y
,

so that, from (3.7),

(3.8)
zx−1

y

[(
1 − z +

z

x

)y
− (1 − z)y

]
≤ B (x, y; z) ≤ zx−1

y

[
1 −

(
1 − z

x

)y]
.

If h (t) is an increasing function then the inequalities in (1.1) are reversed. Thus, if
h (t) = tx−1 and g (t) = (1 − t)y−1

, then for x > 1 and y > 1, h (t) is an increasing function
of t and (1 − z)y−1 ≤ g (t) ≤ 1. From (1.1) we have

∫ λ2

0

tx−1dt+ (1 − z)y−1
∫ z

λ2

tx−1dt(3.9)

≤
∫ z

0

tx−1 (1 − t)y−1
dt

≤ (1 − z)y−1
∫ z−λ2

0

tx−1dx+
∫ z

z−λ2

tx−1dx,

where

λ2 = λ2 (z) =
∫ z

0

(1 − t)y−1 − (1 − z)y−1

1 − (1 − z)y−1 dt =
1 − (1 − z) [1 − z (1 − y)]

y
[
1 − (1 − z)y−1

]

as given by (3.6).
Hence, from (3.9)

λx2 (z)
x

+ (1 − z)y−1 z
x − λx2 (z)

x
(3.10)

≤ B (x, y; z)

≤ (1 − z)y−1 (x− λ2 (z))x

x
+
zx − (z − λ2 (z))x

x
.

Combining the results (3.8) and (3.10) produces the result (3.4) with obvious use of
notation.

Corollary 3.2. For x > 1 and y > 1 we have the Beta function

B (x, y) =
∫ 1

0

tx−1 (1 − t)y−1
dt,

which is symmetric in x and y, satisfies the following bounds,

max
{

1
xyx

,
1
yxy

}
≤ B (x, y)(3.11)

≤ min
{

1
y

[
1 −

(
1 − 1

x

)y]
,
1
x

[
1 −

(
1 − 1

y

)x]}
.
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Proof. Put z = 1 in (3.6) to give λ2 (1) = 1
y followed by the obvious correspondences from

(3.3) – (3.5).

The following theorem relates to the Beta function and is a correction of the result in
[13].

Theorem 3.3. For x > 1 and y > 1 the following bounds hold for the Beta function,
namely,

(3.12) 0 ≤ 1
xy

−B (x, y) ≤ 2 min{A (x) , A (y)} ,

where

(3.13) A (x) =
x− 1

x(1+ x
x−1 )

Proof. We have from (1.16) – (1.17) with p (·) ≡ 1,

0 ≤ |T (f, g)| = |M (fg) −M (f)M (g)|
≤ M (|f (·) − γ| |g (·) −M (g)|) .

That is,

(3.14) |T (f, g)| ≤ inf
γ
‖f (·) − γ‖∞ M|g (·) −M (g)|

If we take f (t) = tx−1, g (t) = (1 − t)y−1 then M (f) = 1
x

and M (g) = 1
y
, so that we

have from (3.14)

0 ≤ 1
xy

− B (x, y)(3.15)

≤ inf
γ

[
sup
t∈[0,1]

∣∣tx−1 − γ
∣∣
] ∫ 1

0

∣∣∣∣(1 − t)y−1 −
1
y

∣∣∣∣ dt

= inf
γ

[max{γ, 1 − γ}]
∫ 1

0

∣∣∣∣(1 − t)y−1 − 1
y

∣∣∣∣ dt.

Now,

inf
γ

[max{γ, 1 − γ}] = inf
γ

[
1
2

+
∣∣∣∣γ − 1

2

∣∣∣∣
]

=
1
2

and
∫ 1

0

∣∣∣∣(1 − t)y−1 − 1
y

∣∣∣∣ dt =
∫ 1

0

∣∣∣∣uy−1 − 1
y

∣∣∣∣du

=
∫ u∗

0

(
1
y
− uy−1

)
du+

∫ 1

u∗

(
uy−1 − 1

y

)
du

=
1
y

[u∗ − uy∗ − (uy∗ − u∗)]

=
2
y
u∗
(
1 − uy−1

∗
)
,

where uy−1
∗ = 1

y .
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Thus

0 ≤ 1
xy

− B (x, y) ≤ 2

(
1− 1

y

)

y
y

y−1
= 2A(y),

where A (y) is as given by (3.13).
We may interchange the role of x and y because of the symmetry and so (3.12) results.
The following pleasing result is valid ([13]).

Theorem 3.4. For x > 1 and y > 1 we have

0 ≤
1
xy

−B (x, y) ≤
x− 1

x
√

2x− 1
·

y − 1
y
√

2y − 1
(3.16)

≤ 0.090169437 . . . ,

where the upper bound is obtained at x = y = 3+
√

5
2

= 2.618033988 . . . .

Proof. We have from (1.17) – (1.19)

(b− a) |T (f, g)| ≤

(∫ b

a

f2 (t) dt−M2 (f)

) 1
2

×

(∫ b

a

g2 (t) dt−M2 (g)

) 1
2

.

That is, taking f (t) = tx−1, g (t) = (1 − t)y−1 then

(3.17) 0 ≤ 1
xy

− B (x, y) ≤
(∫ 1

0

t2x−2dt− 1
x2

) 1
2

×
(∫ 1

0

(1 − t)2y−2
dt− 1

y2

)1
2

.

Now, ∫ 1

0

t2x−2dt =
1

2x− 1
and

∫ 1

0

(1 − t)2y−2
dt =

1
2y − 1

and so from (3.17) we have the first inequality in (3.16).
Now, consider

(3.18) C (x) =
x− 1

x
√

2x− 1
.

The maximum occurs when x = x∗ = 3+
√

5
2 to give C (x∗) = 0.3002831 . . .. Hence,

because of the symmetry we have the upper bound as stated in (3.16).

Remark 3.1. In a recent paper Alzer [3] shows that

(3.19) 0 ≤ 1
xy

−B (x, y) ≤ bA = max
x≥1

(
1
x2

− Γ2 (x)
Γ (2x)

)
= 0.08731 . . .,

where 0 and bA are shown to be the best constants. This uniform bound of Alzer is only
smaller for a small area around

(
3+

√
5

2 , 3+
√

5
2

)
while the first upper bound in (3.16) provides

a better bound over a much larger region of the x− y plane.

Figure 5 shows a plot of the upper bound (3.16) and the best uniform bound bA as
defined in (3.19).

Figure 6 demonstrates the cross-section through x = y showing the small interval for
which bA < C2 (x). The worst upper bound from (3.16) occurs at x = y = 3+

√
5

2 and is
given as the second upper bound in (3.16). This is represented, by the symbol +, in the
region C (x)C (y) = bA shown in Figure 7.

We may state the following corollary given the results above.
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Figure 5: Three dimensional plot of C (x)C (y) and bA where C (x) is defined in (3.18)
and bA = 0.08731 . . . from (3.19).

Corollary 3.5. For x > 1 and y > 1 we have

0 ≤ 1
xy

− B (x, y) ≤ min{C (x)C (y) , bA} ,

where C (x) is defined by (3.18) and bA by (3.19).

Remark 3.2. The upper bound in Theorem 3.3 seems not to be as good as that given in
Theorem 3.4.

4 Bounds for the Euler Zeta and Related Functions

The Zeta function ([10])

(4.1) ζ(x) :=
∞∑

n=1

1
nx
, x > 1

was originally introduced in 1737 by the Swiss mathematician Leonhard Euler (1707-1783)
for real x who proved the identity

(4.2) ζ(x) :=
∏

p

(
1 − 1

px

)−1

, x > 1,

where p runs through all primes. It was Riemann who allowed x to be a complex variable
z and showed that even though both sides of (4.1) and (4.2) diverge for Re(z) ≤ 1, the
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0
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0.04
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0.08
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x

Figure 6: The curve defined by C2 (x) = (x−1)2

x2(2x−1) and bA = 0.08731 . . ., from (3.18) and
(3.19).

function has a continuation to the whole complex plane with a simple pole at z = 1 with
residue 1. The function plays a very significant role in the theory of the distribution of
primes (see [5], [6], [26], [31], [39] and [53]). One of the most striking properties of the zeta
function, discovered by Riemann himself, is the functional equation

(4.3) ζ(z) = 2zπz−1 sin
(πz

2

)
Γ(1 − z)ζ(1 − z)

that can be written in symmetric form to give

(4.4) π− z
2 Γ
(z

2

)
ζ(z) = π−( 1−z

2 )Γ
(

1 − z

2

)
ζ(1 − z).

In addition to the relation (4.3) between the zeta and the gamma function, these func-
tions are also connected via the integrals [31]

(4.5) ζ(x) =
1

Γ(x)

∫ ∞

0

tx−1dt

et − 1
, x > 1,

and

(4.6) ζ(x) =
1

C(x)

∫ ∞

0

tx−1dt

et + 1
, x > 0,

where

(4.7) C(x) := Γ(x)
(
1 − 21−x) and Γ (x) =

∫ ∞

0

e−ttx−1dt.
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Figure 7: Region over which C (x)C (y) > bA where C (x) is as defined in (3.18) and bA
is the best uniform bound of Alzer given by (3.19).

In the series expansion

(4.8)
text

et − 1
=

∞∑

m=0

Bm (x)
tm

m!
,

where Bm (x) are the Bernoulli polynomials (after Jacob Bernoulli), Bm (0) = Bm are the
Bernoulli numbers. They occurred for the first time in the formula [1, p. 804]

(4.9)
m∑

k=1

kn =
Bn+1(m + 1) −Bn+1

n + 1
, n,m = 1, 2, 3, . . . .

One of Euler’s most celebrated theorems discovered in 1736 (Institutiones Calculi Dif-
ferentialis, Opera (1), Vol. 10) is

(4.10) ζ(2n) = (−1)n−1 22n−1π2n

(2n)!
B2n; n = 1, 2, 3, . . . .

The Zeta function is also explicitly known at the non-positive integers by

ζ(−n) = (−1)n
Bn+1

n+ 1
, for n = 1, 2, . . .

The result may also be obtained in a straight forward fashion from (4.6) and a change
of variable on using the fact that

(4.11) B2n = (−1)n−1 · 4n
∫ ∞

0

t2n−1

e2πt − 1
dt
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from Whittaker and Watson [57, p. 126].
We note here that

ζ(2n) = Anπ
2n,

where

An = (−1)n−1 · n

(2n+ 1)!
+
n−1∑

j=1

(−1)j−1

(2j + 1)!
An−j

and A1 = 1
3!
.

Further, the Zeta function for even integers satisfy the relation (Borwein et al. [6],
Srivastava [48])

ζ(2n) =
(
n +

1
2

)−1 n−1∑

j=1

ζ(2j)ζ(2n− 2j), n ∈ N\ {1} .

Despite several efforts to find a formula for ζ(2n+1), (for example [49, 50]), there seems
to be no elegant closed form representation for the zeta function at the odd integer values.
Several series representations for the value ζ(2n + 1) have been proved by Srivastava and
co-workers in particular, see [48], [51].

There is also an integral representation for ζ (n + 1) namely,

(4.12) ζ(2n+ 1) = (−1)n+1 · (2π)2n+1

2δ (n+ 1)!

∫ δ

0

B2n+1 (t) cot (πt) dt,

where δ = 1 or 1
2 ([1, p. 807]). Recently, Cvijović and Klinkowski [27] have given the integral

representations

(4.13) ζ(2n+ 1) = (−1)n+1 · (2π)2n+1

2δ (1 − 2−2n) (2n+ 1)!

∫ δ

0

B2n+1 (t) tan (πt) dt,

and

(4.14) ζ(2n + 1) = (−1)n · π2n+1

4δ
(
1 − 2−(2n+1)

)
(2n)!

∫ δ

0

E2n (t) csc (πt) dt.

Both series representations and the integral representations (4.12) – (4.13) are however
somewhat difficult in terms of computational aspects and time considerations.

We note that there are functions that are closely related to ζ (x) . Namely, the Dirichlet
η (·) and λ (·) functions given by

(4.15) η (x) =
∞∑

n=1

(−1)n−1

nx
=

1
Γ (x)

∫ ∞

0

tx−1

et + 1
dt, x > 0

and

(4.16) λ (x) =
∞∑

n=0

1
(2n+ 1)x

=
1

Γ (x)

∫ ∞

0

tx−1

et − e−t
dt, x > 0.

These are related to ζ (x) by

(4.17) η (x) =
(
1 − 21−x) ζ (x) and λ (x) =

(
1 − 2−x

)
ζ (x)

satisfying the identity

(4.18) ζ (x) + η (x) = 2λ (x) .
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It should be further noted that explicit expressions for both of η (2n) and λ (2n) exist as
a consequence of the relation to ζ (2n) via (4.17).

The Dirichlet beta function or Dirichlet L−function is given by [34]

(4.19) β (x) =
∞∑

n=0

(−1)n

(2n+ 1)x
, x > 0

where β (2) = G, Catalan’s constant.
It is readily observed from (4.16) that β (x) is the alternating version of λ (x) , however,

it cannot be directly related to ζ (x) . It is also related to η (x) in that only the odd terms
are summed.

The beta function may be evaluated explicitly at positive odd integer values of x, namely,

(4.20) β (2n+ 1) = (−1)n
E2n

2 (2n)!

(π
2

)2n+1

,

where En are the Euler numbers generated by

sech (x) =
2ex

e2x + 1
=

∞∑

n=0

En
xn

n!
.

The Dirichlet beta function may be analytically continued over the whole complex plane
by the functional equation

β (1 − z) =
(

2
π

)z
sin
(πz

2

)
Γ (z) β (z) .

The function β (z) is defined everywhere in the complex plane and has no singularities,
unlike the Riemann zeta function, ζ (s) =

∑∞
n=1

1
ns , which has a simple pole at s = 1.

The Dirichlet beta function and the zeta function have important applications in a
number of branches of mathematics, and in particular in Analytic number theory. See for
example [5], [26], [31].

Further, β (x) has an alternative integral representation [34, p. 56]. Namely,

β (x) =
1

2Γ (x)

∫ ∞

0

tx−1

cosh (t)
dt, x > 0.

That is,

(4.21) β (x) =
1

Γ (x)

∫ ∞

0

tx−1

et + e−t
dt, x > 0.

The function β (x) is also connected to prime number theory [34] which may perhaps be
best summarised by

β (x) =
∏

p prime
p≡1 mod4

(
1 − p−x

)−1 ·
∏

p prime
p≡3 mod 4

(
1 + p−x

)−1 =
∏

p odd
prime

(
1 − (−1)

p−1
2 p−x

)−1

,

where the rearrangement of factors is permitted because of absolute convergence.
The following theorem that was proved in [11] provides sharp bounds for the secant slope

of β (x) .
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Theorem 4.1. For real numbers x > 0, we have

(4.22)
c

3x+1
< β (x+ 1) − β (x) <

d

3x+1
,

with the best possible constants

(4.23) c = 3
(
π

4
− 1

2

)
= 0.85619449 . . . and d = 2.

Cerone et al. [18] developed the identity given in the following lemma and the bounds
in Theorem 4.3 which are used to obtain approximations to the odd zeta function values in
terms of the even function values.

Lemma 4.2. The following identity involving the Zeta function holds. Namely,

(4.24)
∫ ∞

0

tx

(et + 1)2
dt = C (x+ 1) ζ (x+ 1) − xC (x) ζ (x) , x > 0,

where C (x) is as given by (4.7).

Based on the identity in Lemma 4.2, the following theorem resulted (see Alzer [2], Cerone
et al. [18], and also [10]) where the constants in the bounds of (4.25) were developed.

Theorem 4.3. For real numbers x > 0 we have

(4.25)
(

ln 2 −
1
2

)
b (x) < ζ (x+ 1) − (1 − b (x)) ζ (x) <

b (x)
2

,

where

(4.26) b (x) =
1

2x − 1
,

and the constants ln 2 − 1
2

and 1
2

are sharp.

The following is a correction of a result obtained by the author [14] by utilising the
Čebyšev functional bounds given by (1.17) and (4.5).

Theorem 4.4. For α > 0 the Zeta function satisfies the inequality

(4.27)
∣∣∣∣ζ (α+ 1) − 2α−1

α
· π

2

6

∣∣∣∣ ≤
κ · 2α− 1

2

Γ (α+ 1)
[
Γ (2α− 1) − Γ2 (α)

] 1
2 ,

where

(4.28) κ =
[
π2

(
1 − π2

72

)
− 7ζ (3)

]1
2

= 0.319846901 . . .

with equality obtained at α = 1.

Remark 4.1. The plot in Figure 8 demonstrates the attainment of equality at α = 1 for the
expression given by (4.27). The right hand side of (4.27) provides a bound on the deviation
of ζ (α+ 1) from its approximant 2α−1

α · π
2

6 .
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Figure 8: Plot of the result (4.27) for 1 ≤ α ≤ 5 demonstrating the upper bound for the
expression on the left involving Zeta.

Theorem 4.5. For α > 1 and m = bαc the zeta function satisfies the inequality

(4.29)
∣∣∣∣ζ (α+ 1) − 2α−m

Γ (m+ 1)
Γ (α+ 1)

ζ (m + 1) Γ (α−m + 1)
∣∣∣∣

≤ 2(α−m+ 1
2 )

Γ (α+ 1)
·Em ·

[
Γ (2α− 2m+ 1) − Γ2 (α−m + 1)

] 1
2 ,

where

(4.30) E2
m = 22mΓ (2m+ 1) [λ (2m) − λ (2m+ 1)]− 1

2
Γ2 (m + 1) ζ2 (m + 1) ,

with λ (·) given by (4.16). Equality in (4.29) results when α = m.

Proof. Let

τ (α) = Γ (α+ 1) ζ (α+ 1) =
∫ ∞

0

xα

ex − 1
dx(4.31)

=
∫ ∞

0

e−
x
2

xm

e
x
2 − e−

x
2
· xα−mdx, α > 1

where m = bαc .
Make the associations

(4.32) p (x) = e−
x
2 , f (x) =

xm

e
x
2 − e−

x
2
, g (x) = xα−m
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then we have from (1.17)

(4.33)





P =
∫ ∞

0

e−
x
2 dx = 2,

M (f ; p) = 1
2

∫ ∞

0

e−
x
2 xm

e
x
2 − e−

x
2
dx =

1
2
Γ (m + 1) ζ (m + 1) ,

M (g; p) = 1
2

∫ ∞

0

e−
x
2 xα−mdx = 2α−mΓ (α−m + 1) .

Thus, from (1.7), (1.8) and (1.16), we have

P · T (f, g; p) = Γ (α+ 1) ζ (α+ 1) − 2α−mΓ (m + 1) ζ (m+ 1) Γ (α−m + 1)

=
∫ ∞

0

e−
x
2
(
xα−m − γ

)( xm

e
x
2 − e−

x
2
− Γ (m + 1) ζ (m + 1)

2

)
dx.

Now, from (1.17) and (1.18), the best value for γ when utilising the Euclidean norm is
the integral mean and so we have from (1.17),

∣∣Γ (α+ 1) ζ (α+ 1) − 2α−mΓ (m+ 1) ζ (m + 1) Γ (α−m + 1)
∣∣

≤
(∫ ∞

0

e−
x
2
(
xα−m − 2α−mΓ (α−m + 1)

)2
dx

)1
2

×

(∫ ∞

0

e−
x
2

(
xm

e
x
2 − e−

x
2
− Γ (m + 1) ζ (m+ 1)

2

)2

dx

)1
2

.

That is, on using (1.18), we have

(4.34)
∣∣Γ (α+ 1) ζ (α+ 1) − 2α−mΓ (m+ 1) ζ (m + 1) Γ (α−m+ 1)

∣∣

≤ E2
m

[∫ ∞

0

e−
x
2 x2(α−m)dx− 22(α−m)+1Γ2 (α−m + 1)

] 1
2

,

where

(4.35) E2
m =

∫ ∞

0

e−
x
2

x2m

(
e

x
2 − e−

x
2
)2 dx− 2

(
Γ (m + 1) ζ (m + 1)

2

)2

.

Now
∫ ∞

0

e−
x
2

(
xm

e
x
2 − e−

x
2

)2

dx =
∫ ∞

0

e−
3
2xx2m

(
1 + 2e−x + 3e−2x + · · ·

)
dx(4.36)

=
∞∑

n=1

n

∫ ∞

0

e(
2n+1

2 )xx2mdx

=
∞∑

n=1

n
22m+1Γ (2m + 1)

(2n+ 1)2m+1

= 22mΓ (2m+ 1)
∞∑

n=1

2n
(2n+ 1)2m+1

= 22mΓ (2m+ 1) [λ (2m) − λ (2m+ 1)] ,
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where λ (·) is as given by (4.16), where we have used (4.7) and have undertaken the per-
missable interchange of summation and integration.

Substitution of (4.36) into (4.35) and using (4.34) gives the stated results (4.29) and
(4.30) after some simplification.

2

1.5

1

0.5

0

alpha~

108642

Figure 9: Plot of result (4.29) for 0 < α ≤ 5 showing bounds on the error for the expression
on the left involving ζ (α+ 1) .

Remark 4.2. The plot in Figure 9 shows an implementation of (4.29). It demonstrates the
attainment of equality for α at the integer values. A deterioration of the bound on the error
for increasing α may also be noticed from the figure.

The following corollary provides upper bounds for the zeta function at odd integers.

Corollary 4.6. The inequality

(4.37) Γ (2m + 1)
[
2 ·
(
22m − 1

)
ζ (2m) −

(
22m+1 − 1

)
ζ (2m+ 1)

]

− Γ2 (m+ 1) ζ2 (m + 1) > 0

holds for m = 1, 2, . . . .

Proof. From equation (4.30) of Theorem 4.5, we have E2
m > 0. Utilising the relationship

between λ (·) and ζ (·) given by (4.17) readily gives the inequality (4.37).

Remark 4.3. In (4.37), if m is odd, then 2m and m+ 1 are even so that an expression in
the form

(4.38) α (m) ζ (2m) − β (m) ζ (2m+ 1) − γ (m) ζ2 (m+ 1) > 0,



Special Functions Approximations and Bounds via Integral Representation 23

results, where

α (m) = 2
(
22m − 1

)
Γ (2m+ 1) ,

β (m) =
(
22m+1 − 1

)
Γ (2m+ 1) and(4.39)

γ (m) = Γ2 (m + 1) .

Thus for m odd we have

(4.40) ζ (2m+ 1) <
α (m) ζ (2m) − γ (m) ζ2 (m + 1)

β (m)
.

That is, for m = 2k − 1, we have from (4.40)

(4.41) ζ (4k − 1) <
α (2k − 1) ζ (4k − 2) − γ (2k− 1) ζ2 (2k)

β (2k − 1)

giving for k = 1, 2, 3, for example,

ζ (3) <
π2

7

(
1 − π2

72

)
= 1.21667148,

ζ (7) <
2π6

1905

(
1 − π2

2160

)
= 1.00887130,

ζ (11) <
62π10

5803245

(
1 − π2

492150

)
= 1.00050356,

Guo [37] obtained ζ (3) < π4

72 and the above bound for ζ (3) was obtained previously by
the author in [14] from (4.28).

If m is even then for m = 2k we have from (4.40)

(4.42) ζ (4k + 1) <
α (2k) ζ (4k) − γ (2k) ζ2 (2k+ 1)

β (2k)
, k = 1, 2, . . . .

We notice that in (4.42), or equivalently (4.38) with m = 2k there are two zeta functions
with odd arguments. There are a number of possibilities for resolving this, but firstly it
should be noticed that ζ (x) is monotonically decreasing for x > 1 so that ζ (x1) > ζ (x2) for
1 < x1 < x2.

Firstly, we may use a lower bound obtained in [10] as given by

L (x) = (1 − b (x)) ζ (x) +
(

ln 2 −
1
2

)
b (x) or L2 (x) =

ζ (x+ 2) − b(x+1)
2

1 − b (x+ 1)
,

where b (x) is given by (4.26).
But from numerical investigation in [10], it seems that L2 (x) > L (x) for positive integer

x and so we have from (4.42)

(4.43) ζL (4k + 1) <
α (2k) ζ (2k) − γ (2k)L2

2 (2k)
β (2k)

,

where we have used the fact that L2 (x) < ζ (x+ 1) .
Secondly, since the even argument ζ (2k + 2) < ζ (2k + 1) , then from (4.42) we have

(4.44) ζE (4k+ 1) <
α (2k) ζ (4k) − γ (2k) ζ2 (2k + 2)

β (2k)
.
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Finally, we have that ζ (m + 1) > ζ (2m+ 1) so that from (4.38) we have, with m = 2k
on solving the resulting quadratic equation that

(4.45) ζQ (4k + 1) <
−β (2k) +

√
β2 (2k) + 4γ (2k)α (2k) ζ (4k)

2γ (2k)
.

For k = 1 we have from (4.43) – (4.45) that

ζL (5) <
π4

93
− 1

186

(
7π4

540
− 1

12

)2

= 1.039931461,

ζE (5) <
π4

93

(
1 − π4

16200

)
= 1.041111605,

ζQ (5) < −93 +
√

8649 + 2π4 = 1.04157688;

and for k = 2

ζL (9) <
17

160965
π8 −

1
35770

(
31

28350
π6 −

1
60

)2

= 1.002082506,

ζE (9) <
17

160965
π8

(
1 − π4

337650

)
= 1.0020834954,

ζQ (9) < −17885 +
1
3

√
2878859025 + 34π8 = 1.00208436.

It should be noted that the above results give tighter upper bounds for the odd zeta func-
tion evaluations than were possible using the methodology utilising techniques based around
Theorem 4.3 as demonstrated by the numerics which are presented in Table 1 of [10].

Numerical experimentation using Maple seems to indicate that the upper bounds for

ζL (4k + 1) , ζE (4k + 1) and ζQ (4k + 1)

are in increasing order. Analytic demonstration that ζL (4k + 1) is better remains an open
problem.

5 Bounds for Mathieu Series

The series, known in the literature as the Mathieu series,

(5.1) S (r) =
∞∑

n=1

2n
(n2 + r2)2

, r > 0,

has been extensively studied in the past since its introduction by Mathieu [41] in 1890,
where it arose in connection with work on elasticity of solid bodies. The reader is directed
to the references for further illustration.

One of the main questions addressed in relation (5.1) is to obtain sharp bounds. Alzer,
Brenner and Ruehr [4] showed that the best constants a and b in

(5.2)
1

x2 + a
< S (x) <

1
x2 + b

, x 6= 0

are a = 1
2ζ(3)

and b = 1
6

where ζ (·) denotes the Riemann zeta function defined by (4.1).
(See also [44], [45], [46], [54], [55] and [58]).
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An integral representation for S (r) as given in (5.1) was presented in [33] and [36] as

(5.3) S (r) =
1
r

∫ ∞

0

x

ex − 1
sin (rx) dx.

Guo [37] utilised (5.3) to obtain bounds on S (r) . Alternate bounds to (5.1) were obtained
by Qi and coworkers in [44, 45, 46].

For the generalised Mathieu series

(5.4) Sµ (r) =
∞∑

n=1

2n
(n2 + r2)1+µ , r > 0, µ > 0,

Cerone and Lenard [24] proved the following two theorems.

Theorem 5.1. The generalised Mathieu series Sµ (r) defined by (5.4) may be represented
in the integral form

(5.5) Sµ (r) = Cµ (r)
∫ ∞

0

xµ+ 1
2

ex − 1
Jµ− 1

2
(rx) dx, µ > 0,

where

(5.6) Cµ (r) =
√
π

(2r)µ−
1
2 Γ (µ + 1)

and Jν (z) is the νth order Bessel function of the first kind.

Theorem 5.2. For m a positive integer we have

(5.7) Sm (r) =
1

2m−1
· 1
r2m−1

· 1
m

m−1∑

k=0

(−1)b
3k
2 c

k!
rk [δk evenAk (r) + δk oddBk (r)] ,

where

(5.8) Ak (r) =
∫ ∞

0

xk+1

ex − 1
sin (rx) dx, Bk (r) =

∫ ∞

0

xk+1

ex − 1
cos (rx) dx,

with δcondition = 1 if condition holds and zero otherwise and bxc is the smallest integer part
of x.

Bounds on the Čebyšev functional (1.4) – (1.8) may be looked upon as estimating the
distance of the weighted mean of the product of two functions from the product of the
weighted mean of the two functions. This proves to be quite useful since the individual
means are invariably easier to evaluate.

In [24] the author utilised the sharp bounds on the Bessel function |Jν (z)| of Landau
[40] to procure bounds for the generalised Mathieu series Sµ (r) given by (5.5).

Here we investigate the bounding of Sµ (r) as defined by (5.4) through the identities
(5.5) – (5.6). We notice that bounding Sµ (r) is accomplished via χµ (r) where

(5.9) χµ (r) :=
∫ ∞

0

xµ+ 1
2

ex − 1
Jµ− 1

2
(rx)dx; µ, r > 0,

since from (5.5)

(5.10) Sµ (r) = Cµ (r)χµ (r) ,

where Cµ (r) is positive as defined in (5.6).
The following lemma examines the behaviour of χµ (r) (see also [9]).
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Lemma 5.3.

(5.11)

∣∣∣∣∣χµ (r) − 1
2
· (2r)µ−

1
2

√
π

· Γ (µ)(
r2 + 1

4

)µ · π
2

6

∣∣∣∣∣

≤ κ




Γ
(
2µ− 1

2

)
r2µ−1

π
3
2

∫ π
2

0

cos2µ−1 φ
[(

1
4

)2 + r2 cos2 φ
]2µ− 1

2
dφ− 2K2

∗




1
2

,

where

K∗ =
(2r)µ−

1
2 Γ (µ)

2
√
π
(
r2 + 1

4

)µ is defined in (5.20),

and

(5.12) κ =
[
π2

(
1 − π2

72

)
− 7ζ (3)

] 1
2

= 0.319846901 . . ..

Proof. Firstly, we notice that χµ (r) from (5.9) may be written in the form

(5.13) χµ (r) =
∫ ∞

0

e−
x
2 · x

e
x
2 − e−

x
2
· xµ− 1

2 Jµ− 1
2

(rx)dx.

Let

(5.14) p (x) = e−
x
2 , f (x) =

x

e
x
2 − e−

x
2
, g (x) = xµ−

1
2 Jµ− 1

2
(rx)

then from (1.7) – (1.8),

(5.15) P =
∫ ∞

0

p (x) dx =
∫ ∞

0

e−
x
2 dx = 2,

(5.16) P ·M (f ; p) =
∫ ∞

0

e−
x
2 · x

e
x
2 − e−

x
2
dx =

∫ ∞

0

x

ex − 1
dx = ζ (2) =

π2

6

and

(5.17) P ·M (g; p) =
∫ ∞

0

e−
x
2 · xµ−

1
2 Jµ−1

2
(rx)dx =

(2r)µ−
1
2 Γ (µ)

√
π
((

1
2

)2 + r2
)µ ,

where we have used (4.5) to procure (5.16), and Watson [56, p. 386]
∫ ∞

0

e−αx · xνJν (βx) dx =
(2β)ν√

π
·

Γ
(
ν + 1

2

)
(
α2 + β2

)ν+ 1
2
, Re (ν) >

1
2
, Re (α) > |Im (β)| ,

with α = 1
2
, ν = µ− 1

2
, β = r to obtain (5.17).

Now, from (1.7) – (1.8) we have on using (5.14) – (5.17)

(5.18) χµ (r) − 1
2
· (2r)µ−

1
2

√
π

· Γ (µ)(
r2 + 1

4

)µ · π
2

6

=
∫ ∞

0

e−
x
2

(
xµ−

1
2 Jµ− 1

2
(rx) −K

)( x

e
x
2 − e−

x
2
− π2

12

)
dx.
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Now, by using the Cauchy-Bunyakovsky-Schwarz inequality, we have from (5.18) and
(1.17)

(5.19)

∣∣∣∣∣χµ (r) − 1
2
· (2r)µ−

1
2

√
π

· Γ (µ)(
r2 + 1

4

)µ · π
2

6

∣∣∣∣∣

≤
(∫ ∞

0

e−
x
2

(
xµ−

1
2 Jµ− 1

2
(rx) −K

)2

dx

)1
2

×

(∫ ∞

0

e−
x
2

(
x

e
x
2 − e−

x
2
−
π2

12

)2

dx

)1
2

.

As mentioned in Section 1, equation (1.17), the appropriate choice of K is the weighted
integral mean as given from (5.17), namely

(5.20) K = K∗ =
(2r)µ−

1
2 Γ (µ)

2
√
π
(
r2 + 1

4

)µ .

The result given by (1.18) will be utilised to evaluate the two expressions on the right
hand side of (5.19).

Thus from (5.19) we have

(5.21)
∫ ∞

0

e−
x
2

(
x

e
x
2 − e−

x
2
− π2

12

)2

dx =
∫ ∞

0

e−
x
2

(
x

e
x
2 − e−

x
2

)2

dx− 2
(
π2

12

)2

.

Now, allowing for the permissable interchange of integration and summation, we have

∫ ∞

0

e−
x
2

(
x

e
x
2 − e−

x
2

)2

dx =
∫ ∞

0

e−
3x
2

(
x

1 − e−x

)2

dx(5.22)

=
∫ ∞

0

e−
3x
2 x2

( ∞∑

n=1

ne−nx

)
dx

=
∞∑

n=1

n

∫ ∞

0

e−( 2n+1
2 )xx2dx

=
∞∑

n=1

nΓ (3)
(

2n+1
2

)3 =
∞∑

n=1

2n
(
n + 1

2

)3

= 2
∞∑

n=1

1
(
n+ 1

2

)2 −
∞∑

n=1

1
(
n+ 1

2

)3

= π2 − 7 · ζ (3) .

In (5.22) we have used the fact that
∫ ∞

0

e−αxxpdx =
Γ (p+ 1)
αp+1

.

Hence, from (5.21) and (5.22) we have

(5.23)

[∫ ∞

0

e−
x
2

(
x

e
x
2 − e−

x
2
− π2

12

)2

dx

] 1
2

=
[
π2

(
1 − π2

72

)
− 7ζ (3)

] 1
2

.
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Now, for the first expression on the right hand side of (5.19), we have, on using (5.20)
and (1.18)

(5.24)
∫ ∞

0

e−
x
2

(
xµ−

1
2 Jµ− 1

2
(rx) −K∗

)2

dx =
∫ ∞

0

e−
x
2 x2µ−1J2

µ− 1
2

(rx) dx− 2K2
∗ .

A result in Watson [56, p. 290] states that

(5.25)
∫ ∞

0

e−2atJα (γt) Jβ (γt) tα+βdt

=
Γ
(
α+ β + 1

2

)

π
3
2

γα+β

∫ π
2

0

cosα+β φ cos (α− β)φ

(a2 + γ2 cos2 φ)α+β+ 1
2
dφ

and so taking a = 1
4 , α = β = µ− 1

2 and γ = r in (5.25) gives

(5.26)
∫ ∞

0

e−
x
2 x2µ−1J2

µ− 1
2

(rx) dx =
Γ
(
2µ− 1

2

)
r2µ−1

π
3
2

∫ π
2

0

cos2µ−1 φ
((

1
4

)2 + r2 cos2 φ
)2µ−1

2
dφ.

That is,

(5.27)
[∫ ∞

0

e−
x
2

(
xµ−

1
2 Jµ− 1

2
(rx) −K∗

)2

dx

]1
2

=




Γ
(
2µ− 1

2

)

π
3
2

r2µ−1

∫ π
2

0

cos2µ−1 φ
[(

1
4

)2 + r2 cos2 φ
]2µ− 1

2
dφ− 2K2

∗




1
2

.

Placing (5.27) and (5.23) into (5.19) produces the stated result (5.11).

Theorem 5.4. For µ > 0 and r > 0 the generalised Mathieu series Sµ (r) satisfies the
following relationship, namely,

(5.28)

∣∣∣∣∣Sµ (r) − π2

12µ
(
r2 + 1

4

)µ

∣∣∣∣∣

≤ κ√
2µ


 1√

π
·

Γ
(
2µ− 1

2

)

42µ−1Γ2 (µ)

∫ π
2

0

cos2µ−1 φ
[(

1
4

)2 + r2 cos2 φ
]2µ−1/2

dφ− 1
(
r2 + 1

4

)2µ




1
2

=
κ√
2µ


4−µ

π
·B
(

1
2
, 2µ− 1

2

)
· 1
(
r2 + 1

16

)2µ− 1
2
− 1
(
r2 + 1

4

)2µ

× 2F1

(
1
2
, 2µ−

1
2
;µ+

1
2
;

r2

r2 + 1
16

)] 1
2

where κ is as given by (5.12), B (x, y) is the Euler Beta function and 2F1 (a, b; c;x) is the
hypergeometric function.
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Figure 10: Visual representation of (5.31) for 0 ≤ r ≤ 5.

Proof. From (5.10) we have, since Cµ (r), as defined by (5.6), is positive so that using Lemma
5.3 readily produces the result

(5.29)

∣∣∣∣∣Sµ (r) − π2

12µ
(
r2 + 1

4

)µ

∣∣∣∣∣

≤ κ√
2µ


 1√

π
·

Γ
(
2µ− 1

2

)

42µ−1Γ2 (µ)

∫ π
2

0

cos2µ−1 φ dφ
[(

1
4

)2 + r2 cos2 φ
]2µ−1/2

− 1
(
r2 + 1

4

)2µ




1
2

upon simplification.
Further, utilising the Maple computer algebra package, it may be shown that

(5.30)
∫ π

2

0

cos2µ−1 φ
[(

1
4

)2 + r2 cos2 φ
]2µ−1/2

dφ

=
√
π

2
· Γ (µ)
Γ
(
µ+ 1

2

) · 1
(
r2 + 1

16

)2µ−1/2

× 2F1

(
1
2
, 2µ− 1

2
;µ+

1
2
;

r2

r2 + 1
16

)
,

where

2F1 (a, b; c;x) =
∞∑

k=0

(a)k (b)k
(c)k

· x
k

k!

and (α)k = Γ(α+k)
Γ(α)

, the Pochhammer function.
Now, substitution of (5.30) into (5.29) produces the bound in (5.28) in terms of the well-

known Euler Beta function B and the Hypergeometric function 2F1, where we have used the
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4
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0

r~

543210

Figure 11: Upper and lower bounds from (5.31) for the Mathieu series S (r) .
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Figure 12: Difference between the upper and lower bounds from (5.2) and (5.31).
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duplication formula
√
πΓ (2x) = 22x−1Γ (x) Γ

(
x+ 1

2

)
and the definition of the Euler Beta

function B (x, y) = Γ(x)Γ(y)
Γ(x+y)

.
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33

Figure 13: Demonstration of the result (5.28) for 1 ≤ r, µ ≤ 3.
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Figure 14: Pictorial demonstration of the result (5.28) for 0.1 ≤ r, µ ≤ 1.5.
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Corollary 5.5. The following bounds are valid for S (r) the Mathieu series. That is,

(5.31)

∣∣∣∣∣
∞∑

n=1

2n
(n2 + r2)2

− π2

12
(
r2 + 1

4

)
∣∣∣∣∣ ≤ 2

√
2 · κ





2
1 + (4r)2

− 1
[
1 + (2r)2

]2





1
2

,

where κ is as given by (5.12).

Proof. Let µ = 1 in (5.28) and using (5.1) and (5.4) gives the above result (5.31), on noting
that

26

∫ π
2

0

cos φ
[
1 + (4r cosφ)2

]3
2
dφ =

64
1 + (4r)2

and after some simplification.

Remark 5.1. Figures 10 and 11 provide a visual representation involving the Matthieu
series S (r) and its bounds derived from the first inequality in (5.28) with µ = 1. The bounds
extracted from (5.31) may be compared with the classical bounds from (5.2) for the Mathieu
series.

The plots presented in Figure 12 show the difference between the upper and lower bounds
from (5.2) and (5.31). The upper bound for S (r) from (5.31) is better for 0 < r < 0.85566
whereas the lower bound is better only for 0.0816295< r < 0.2482358. The bounds provided
by (5.2) seem to be superior for the remainder of the r values. It must be remembered
however that (5.31) is a consequence of the more general result given by the first inequality
in (5.28).

Remark 5.2. Figures 13 and 14 show the left hand side of (5.28) being covered by the
bound provided by the right hand side of (5.28). The two figures are provided to cater for
the different vertical scale.

6 Concluding Remarks

In the paper the usefulness of some recent results in the analysis of inequalities, has been
demonstrated through application to some special functions. Although these techniques
have been applied in a variety of areas of applied mathematics, their application to special
functions does not seem to have received much attention to date. There are many special
functions which may be represented as the integral of products of functions. The investiga-
tion in the current article has restricted itself to the investigation of the Bessel function of
the first kind, the Beta function, the Zeta function and Mathieu series.

It may be surmised from the above investigations that the accuracy of the bounds over
particular regions of parameters cannot be ascertained a priori. It has been demonstrated,
however, that some useful bounds may be obtained which seem hitherto not to have been
discovered. The approach of utilising developments in the field of inequalities to special
functions has been shown to have the potential for further development.
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[54] Z. Tomovski and K. Trenčevski, On an open problem of Bai-Ni Guo and Feng
Qi, J. Inequal. Pure Appl. Math., 4(2) (2003), In press. Available online at
http://jipam.vu.edu.au/v4n2/102 02.html.

[55] Ch.-L. Wang and X.-H. Wang, A refinement of the Mathieu inequality, Univ. Beograd.
Publ. Elektroteh. Fak. Ser. Mat. No. 716-734 (1981), 22-24.

[56] G.N. Watson, A treatise on the theory of Bessel functions, (1966) 2nd Edn., Cambridge
University Press.

[57] E.T. Whittaker and G.N. Watson, A Course of Modern Analysis, Cambridge University
Press, Cambridge, 1978.

[58] J.E. Wilkins, Jr., Solution of Problem 97-1, Siam Rev.,





In: Advances in Inequalities for Special Functions
Editors: P. Cerone and S. S. Dragomir, pp. 37–65

ISBN 978-1-60021-919-1
c© 2008 Nova Science Publishers, Inc.

Inequalities for Positive Dirichlet Series

P. Cerone and S. S. Dragomir

School of Computer Science and Mathematics
Victoria University, PO Box 14428

Melbourne VIC 8001, Australia
E-mail addresses: {pietro.cerone,sever.dragomir}@vu.edu.au

Abstract. In this paper we survey some recent results of the authors concerning inequalities
for Dirichlet series with positive terms. Applications for the Zeta function are also provided.

1991 Mathematics Subject Classification: Primary 26D15, 11M38, 11M41.

Key words and phrases: Dirichlet series, Zeta function, Lambda function, Logarithmic
convexity.

1 Introduction

We consider the following Dirichlet series:

(1.1) ψ (s) :=
∞∑

n=1

an
ns

for which we assume that the coefficients an ≥ 0 for n ≥ 1 and the series is uniformly
convergent for s > 1.

It is obvious that in this class we can find the Zeta function

(1.2) ζ (s) :=
∞∑

n=1

1
ns

and the Lambda function

(1.3) λ (s) :=
∞∑

n=0

1
(2n+ 1)s

=
(
1 − 2−s

)
ζ (s) ,

where s > 1.
If Λ (n) is the von Mangoldt function, where

(1.4) Λ (n) :=

{
logp, n = pk (p prime, k ≥ 1)

0, otherwise,

then [4, p. 3]:

(1.5) −ζ
′ (s)
ζ (s)

=
∞∑

n=1

Λ (n)
ns

, s > 1.
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If d (n) is the number of divisors of n, we have [4, p. 35] the following relationships with
the Zeta function:

(1.6) ζ2 (s) =
∞∑

n=1

d (n)
ns

,

(1.7)
ζ3 (s)
ζ (2s)

=
∞∑

n=1

d
(
n2
)

ns
,

(1.8)
ζ4 (s)
ζ (2s)

=
∞∑

n=1

d2 (n)
ns

,

and [4, p. 36]

(1.9)
ζ2 (s)
ζ (2s)

=
∞∑

n=1

2ω(n)

ns
, s > 1,

where ω (n) is the number of distinct prime factors of n.
Further, if ϕ (n) denotes Euler’s function defined by

ϕ (n) = n
∏

p|n

(
1 − 1

p

)
,

where the product is over all prime divisors of n, then

(1.10)
ζ (s − 1)
ζ (s)

=
∞∑

n=1

ϕ (n)
ns

, s > 2.

For a ∈ R we define
σa (n) =

∑

d|n

da

and in particular σ (n) = σ1 (n) =
∑
d|n d, is the sum of the divisors of n, then [4, p. 37]

these are related to the Zeta function by

ζ (s) ζ (s− a) =
∞∑

n=1

σa (n)
ns

, s > max{1, a+ 1};

and
ζ (s) ζ (s − a) ζ (s − b) ζ (s − a − b)

ζ (2s− a− b)
=

∞∑

n=1

σa (n)σb (n)
ns

,

where s > max{1, a+ 1, b+ 1, a+ b+ 1} .
The main aim of the present paper is to survey some recent results obtained by the

authors concerning various inequalities and functional properties of Dirichlet series with
positive terms. Numerous particular cases for the Zeta funcion are also pointed out.
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2 Some Convexity Properties

2.1 Inequalities for Log-convex Functions

In what follows, we will denote an interval of real numbers by I. A function f : I → (0,∞)
is said to be logarithmic convex or log-convex for short if log f is convex, or, equivalently, if
for any x, y ∈ I and t ∈ [0, 1] one has the inequality [6, p. 7]

(2.1) f (tx+ (1 − t) y) ≤ [f (x)]t [f (y)]1−t .

We note that if f and g are convex and g is increasing, then g ◦ f is convex; moreover,
since f = exp (log f) , it follows that a log-convex function is convex, but the converse may
not necessarily be true [6, p. 7]. This follows directly from (2.1) because, by the arithmetic-
geometric mean inequality, we have

(2.2) [f (x)]t [f (y)]1−t ≤ tf (x) + (1 − t) f (y)

for all x, y ∈ I and t ∈ [0, 1] .
The following result may be stated [1]:

Proposition 2.1. Let f : I ⊆ R → (0,∞) be a log-convex function. If x ∈ I and h > 0 are
such that x+ h, x+ 2h ∈ I, then

(2.3) f (x+ h) ≤
√
f (x) f (x+ 2h).

Proof. Since ln f (·) is convex, then for any x3 > x2 > x1 we have

ln f (x3) − ln f (x2)
x3 − x2

≥ ln f (x2) − ln f (x1)
x2 − x1

giving the inequality:

ln
[
f (x3)
f (x2)

] 1
x3−x2

≥ ln
[
f (x2)
f (x1)

] 1
x2−x1

which is clearly equivalent to:

(2.4)
[
f (x3)
f (x2)

] 1
x3−x2

≥
[
f (x2)
f (x1)

] 1
x2−x1

.

Now, if in (2.4) we choose x3 = x+ 2h, x2 = x+ h and x1 = x, then by (2.4) we deduce
the desired result (2.3).

Remark 2.1. If f : [a,∞) → (0,∞) is log-convex, then obviously

(2.5) f (x+ h) ≤
√
f (x) f (x+ 2h)

for any x ≥ a, h ≥ 0 and in particular

(2.6) f (x+ 1) ≤
√
f (x) f (x+ 2), for any x ≥ a.

Proposition 2.2. If f : I ⊆ R → (0,∞) is log-convex and differentiable on I̊, then for x ∈ I̊
and h > 0, with x+ h ∈ I̊ , we have:

(2.7) exp
[
h · f

′ (x+ h)
f (x+ h)

]
≥ f (x+ h)

f (x)
≥ exp

[
h · f

′ (x)
f (x)

]
.
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Proof. Since ln f is convex and differentiable, then for x2, x1 ∈ I̊, x2 > x1 we have

[ln f (x)]′x=x2
≥ ln f (x2) − ln f (x1)

x2 − x1
≥ [ln f (x)]′x=x1

which is clearly equivalent to

(x2 − x1)
f ′ (x2)
f (x2)

≥ ln
[
f (x2)
f (x1)

]
≥ (x2 − x1)

f ′ (x1)
f (x1)

and so

(2.8) exp
[
(x2 − x1)

f ′ (x2)
f (x2)

]
≥ f (x2)
f (x1)

≥ exp
[
(x2 − x1)

f ′ (x1)
f (x1)

]
.

Now, if we take in (2.8) x2 = x+ h, x1 = x, then we get (2.7).

Remark 2.2. If f : [a,∞) → [0,∞) is log-convex and differentiable, then:

(2.9) exp
[
f ′ (x+ 1)
f (x+ 1)

]
≥ f (x+ 1)

f (x)
≥ exp

[
f ′ (x)
f (x)

]
,

for any x ∈ [a,∞).

Another result is as follows.

Proposition 2.3. Let f : I ⊆ R → (0,∞) be a log-convex function which is differentiable
on I̊ . If α, β ≥ 0 and α+ β = 1 then for all x1, x2 ∈ I̊ we have:

(2.10) (1 ≤)
[f (x1)]

α [f (x2)]
β

f (αx1 + βx2)
≤ exp

{
αβ (x2 − x1)

[
f ′ (x2)
f (x2)

− f ′ (x1)
f (x1)

]}
.

Proof. We have

ln f (αx1 + βx2) − ln f (x1) ≥ (αx1 + βx2 − x1)
f ′ (x1)
f (x1)

(2.11)

= β (x2 − x1)
f ′ (x1)
f (x1)

and

ln f (αx1 + βx2) − ln f (x2) ≥ (αx1 + βx2 − x2)
f ′ (x2)
f (x2)

(2.12)

= −α (x2 − x1)
f ′ (x2)
f (x2)

.

We multiply (2.11) and (2.12) with α ≥ 0 and β ≥ 0 respectively and add the obtained
results to get:

ln f (αx1 + βx2) − α ln f (x1) − β ln f (x2) ≥ −αβ (x2 − x1)
[
f ′ (x2)
f (x2)

− f ′ (x1)
f (x1)

]

which implies that

α ln f (x1) + β ln f (x2) − ln f (αx1 + βx2) ≤ αβ (x2 − x1)
[
f ′ (x2)
f (x2)

− f ′ (x1)
f (x1)

]

which is equivalent with (2.10).



Inequalities for Positive Dirichlet Series 41

Corollary 2.4. If f : I ⊆ R → R is log-convex and differentiable then for any α ∈ I̊ and
h > 0 with x+ h ∈ I̊ , we have:

(2.13) (1 ≤)
[f (x)]α [f (x+ h)]β

f (x+ βh)
≤ exp

{
αβh

[
f ′ (x+ h)
f (x+ h)

− f ′ (x)
f (x)

]}

for any α, β > 0 with α+ β = 1.

Remark 2.3. If α = β = 1
2 , then we have

(2.14) (1 ≤)

√
f (x) f (x+ h)
f
(
x+ h

2

) ≤ exp
{

1
4
h

[
f ′ (x+ h)
f (x+ h)

− f ′ (x)
f (x)

]}
.

Now, if h = 2k, k > 0, then we get from (2.14):

(2.15) (1 ≤)

√
f (x) f (x+ 2k)
f (x+ k)

≤ exp
{

1
2
k

[
f ′ (x+ 2k)
f (x+ 2k)

− f ′ (x)
f (x)

]}
,

and in particular

(2.16) (1 ≤)

√
f (x) f (x+ 2)
f (x+ 1)

≤ exp
{

1
2

[
f ′ (x+ 2)
f (x+ 2)

− f ′ (x)
f (x)

]}
.

The inequality (2.15) is a reverse of (2.3) while (2.16) is a reverse of (2.6).

Now consider the function ϕ : I → R, ϕ (x) = f ′(x)
f(x)

, and assume that f is twice differen-

tiable on I̊. Then

(2.17) ϕ′ (x) =
f ′′ (x) f ′ (x) − [f ′ (x)]2

[f (x)]2
, x ∈ I̊.

The following corollary of Proposition 2.3 may be stated as well.

Corollary 2.5. Let f : I ⊆ R → R be a log-convex function that is also twice differentiable
on I̊ . Assume that there exists a constant K > 0 such that

(2.18) (0 ≤)
f ′′ (x) f (x) − [f ′ (x)]2

[f (x)]2
≤ K for any x ∈ I̊ .

Then for any x1, x2 ∈ I̊ and α, β > 0 with α+ β = 1, we have:

(2.19) (1 ≤)
[f (x1)]

α [f (x2)]
β

f (αx1 + βx2)
≤ exp

[
αβK (x2 − x1)

2
]
.

Proof. Follows by Proposition 2.3 on applying Lagrange’s mean value theorem for the func-
tion ϕ defined by (2.17).

Remark 2.4. If we choose x1 = x, x2 = x+ h ∈ I̊ (h > 0) , then we get from (2.19):

(2.20) (1 ≤)
[f (x)]α [f (x+ h)]β

f (x+ βh)
≤ exp

(
αβKh2

)

and in particular:

(2.21) (1 ≤)

√
f (x) f (x+ 2k)
f (x+ k)

≤ exp
(
Kk2

)
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for x, x+ k, x+ 2k ∈ I̊ (k > 0) .
Finally, (2.21) provides the inequality:

(2.22) (1 ≤)

√
f (x) f (x+ 2)
f (x+ 1)

≤ expK

if x, x+ 1, x+ 2 ∈ I̊ .

2.2 Applications for Dirichlet Series with Positive Terms

In [3], A. Gut observed that the Zeta function is log-convex for s > 1. However, as in the
case of the present authors, he was unable to locate the results in an earlier paper.

Utilising a simpler argument than Gut, we are able to prove the logarithmic convexity
of Dirichlet series with positive terms, as follows [1]:

Proposition 2.6. The function ψ defined by (1.1) is log-convex on (1,∞) .

Proof. Let s1, s2 ∈ (1,∞) and α, β ≥ 0 with α+ β = 1. Utilising the Hölder inequality for
p = 1

α , q = 1
β (α > 0) we have:

ψ (αs1 + βs2) =
∞∑

n=1

an
nαs1+βs2

=
∞∑

n=1

an

(ns1)α (ns2)β

≤

[ ∞∑

n=1

an

(
1

(ns1)α

)p] 1
p
[ ∞∑

n=1

an

(
1

(ns2)β

)q] 1
q

=

( ∞∑

n=1

an
ns1

)α( ∞∑

n=1

an
ns2

)β

= [ψ (s1)]
α [ψ (s2)]

β
,

which proves the desired conclusion.

Remark 2.5. It is obvious that all the results stated in Section 2 will hold for the function
ψ defined in (1.1). For the sake of brevity, we make some remarks only on the simplest
results.

For instance, we can state that:

ψ (s + h) ≤
√
ψ (s)ψ (s+ 2h)

for any s > 1 and h > 0 and in particular

(2.23) ψ (s + 1) ≤
√
ψ (s)ψ (s + 2)

for s > 1.
We remark that for ψ = ζ one obtains from (2.23) that

(2.24)
ζ (s + 1)
ζ (s)

≤ ζ (s + 2)
ζ (s + 1)

for s > 1.

This inequality is an improvement of a recent result due to Laforgia and Natalini [5] who
proved that

ζ (s+ 1)
ζ (s)

≤ s + 1
s

· ζ (s + 2)
ζ (s + 1)

for s > 1.

Their arguments make use of an integral representation and Turán-type inequalities.
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Remark 2.6. If we apply the inequality (2.23) for λ (s) = 2s−1
2s ζ (s) , s > 1, we have

(2.25)

(
2s+1 − 1

)2

(2s − 1) (2s+2 − 1)
≤ ζ (s) ζ (s + 2)

ζ2 (s+ 1)
, for s > 1.

Since a simple calculation shows that

1 ≤
(
2s+1 − 1

)2

(2s − 1) (2s+2 − 1)
, for s > 1

it follows that (2.25) is a better inequality than (2.24), which is equivalent with

(2.26) 1 ≤ ζ (s) ζ (s + 2)
ζ2 (s + 1)

, s > 1.

Now, if we apply the same inequality (2.23) for the functions ψ (s) = ζ(s)
ζ(s+1) , s > 1 and

ψ (s) = ζ (s + 1) ζ (s) , s > 1, then we get

(2.27)
ζ (s)

ζ (s + 3)
≥
[
ζ (s + 1)
ζ (s + 2)

]3
, s > 1

and

(2.28)
ζ (s)

ζ (s + 1)
≥ ζ (s + 2)
ζ (s + 3)

, s > 1.

Remark 2.7. The above result (2.24) may be useful for some alternating Dirichlet series.
For instance, if we consider the Eta function defined by

(2.29) η (s) :=
∞∑

n=1

(−1)n−1

ns

and use the representation

(2.30) η (s) =
(
1 − 21−s) ζ (s) , for s > 1,

then on utilising the inequality for Zeta

(2.31) ζ2 (s + 1) ≤ ζ (s) ζ (s+ 2) , for s > 1,

we can easily deduce that

(2.32)

(
1 − 21−s) (1 − 2−1−s)

(1 − 2−s)2
≤ η (s) η (s+ 2)

η2 (s + 1)
,

for any s > 1.

Conjecture 2.7. We conjecture that the function η : (1,∞) → R is logarithmic concave on
this interval.

Since, for s > 1, ψ (s) := lnη (s) = ln
(
1 − 21−s) + ln ζ (s) and

ψ′ (s) =
ζ ′ (s)
ζ (s)

+
ln2

2s−1 − 1
,

ψ′′ (s) =
ζ ′′ (s) ζ (s) −

[
ζ ′ (s)

]2

[ζ (s)]2
− 2s−1 (ln 2)2

(2s−1 − 1)2
,
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hence the logarithmic concavity of η will be equivalent with the inequality:

(2.33)
ζ′′ (s) ζ (s) −

[
ζ′ (s)

]2

[ζ (s)]2
≤ 2s−1 (ln 2)2

(2s−1 − 1)2

for s > 1.
The logarithmic concavity of η would also imply

(2.34)
η (s) η (s+ 2)
η2 (s + 1)

≤ 1, s > 1

which seems to be satisfied as may be seen from computer experimentation with Maple.

If, however, we assume more about the positive sequence an, then we obtain some other
results as follows [1].

Theorem 2.8. If the sequence (an)n∈N is monotonic nonincreasing, then

(2.35)
ψ (s + h)
ψ (s)

≥ exp
[
h ·

ζ′ (s)
ζ (s)

]

for any s > 1 and h > 0.
If (an)n∈N is monotonic nondecreasing, then

(2.36) exp
[
h · ζ

′ (s+ h)
ζ (s+ h)

]
≥ ψ (s+ h)

ψ (s)
,

for any s > 1 and h > 0.

Proof. From Proposition 2.2 we always have the double inequality

(2.37) exp
[
h · ψ

′ (s + h)
ψ (s + h)

]
≥ ψ (s + h)

ψ (s)
≥ exp

[
h · ψ

′ (s)
ψ (s)

]

for any s > 1 and h > 0.
Observe that for s > 1

ψ′ (s) = −
∞∑

n=1

an
lnn
ns

.

Since the sequence (lnn)n∈N is increasing, then assuming that (an)n∈N is nonincreasing
and applying Čebyšev’s inequality to asynchronous sequences, we have:

(2.38)
∞∑

n=1

1
ns

·
∞∑

n=1

an lnn
ns

≤
∞∑

n=1

an
ns

·
∞∑

n=1

lnn
ns

for s > 1.
Further,

ζ′ (s) = −
∞∑

n=1

lnn
ns

, s > 1

and so from (2.38) we get
−
∑∞
n=1

an lnn
ns∑∞

n=1
an

ns

≥ −
∑∞

n=1
lnn
ns∑∞

n=1
1
ns
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which is exactly

(2.39)
ψ′ (s)
ψ (s)

≥ ζ′ (s)
ζ (s)

, s > 1,

that is of interest in itself.
Utilising the second inequality in (2.37) and (2.39) we deduce (2.35). The inequality

(2.36) can be proved in a similar manner and the details are omitted.

Remark 2.8. Utilising the inequality (2.9) and the fact that (see (1.5))

ζ′ (s)
ζ (s)

= −
∞∑

n=1

Λ (n)
ns

, s > 1,

we may also state the following result for the Zeta function

(2.40) exp

[
−

∞∑

n=1

Λ (n)
ns+1

]
≥ ζ (s+ 1)

ζ (s)
≥ exp

[
−

∞∑

n=1

Λ (n)
ns

]

for any s > 1.

The following result may also be stated [1].

Theorem 2.9. If s > 3
2 , h > 0 and α, β ≥ 0 with α+ β = 1, then

(1 ≤)
[ψ (s)]α [ψ (s+ h)]β

ψ (s+ βh)
(2.41)

≤ exp

{
αβh

[
ψ
(
s − 1

2

)
ψ
(
s + h+ 1

2

)
− ψ

(
s+ h− 1

2

)
ψ
(
s + 1

2

)

ψ (s + h)ψ (s)

]}
.

Proof. Utilising Corollary 2.4 for the log-convex function ψ, we can state that:

(2.42)
[ψ (s)]α [ψ (s + h)]β

ψ (s + βh)
≤ exp

{
αβh

[
ψ′ (s + h)
ψ (s + h)

− ψ′ (s)
ψ (s)

]}

for s > 1.
Let k ≥ 1 and consider the expression for s > 1

δk :=
∑k

n=1 an
lnn
ns∑k

n=1
an

ns

−
∑k

n=1 an
ln n
ns+h∑k

n=1
an

ns+h

.

Using Korkine’s identity we then have:

δk =
∑k

n=1
an

ns · 1
nh

∑k
n=1 an

ln n
ns −

∑k
n=1

an

ns ·
∑k
n=1

an

nh · lnn
ns∑k

n=1
an

ns ·
∑k
n=1

an

ns+h

=
1
2

∑k
n=1

∑k
m=1

an

ns · am

ms (lnn− lnm)
(

1
mh − 1

nh

)
∑k

n=1
an

ns ·
∑k
n=1

an

ns+h

=
1
2

∑k
n=1

∑k
m=1

an

ns+h · am

ms+h (lnn− lnm)
(
nh −mh

)
∑k

n=1
an

ns ·
∑k

n=1
an

ns+h

.
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The elementary inequality

lnn− lnm
n−m

≤ 1√
nm

for n,m ≥ 1, n 6= m

which follows from the fact that the logarithmic mean a−b
ln a−ln b is greater than the geometric

mean, then gives

0 ≤ δk ≤
1
2

∑k
n=1

∑k
m=1

an

ns+h · am

ms+h

(n−m)(nh−mh)√
nm∑k

n=1
an

ns ·
∑k
n=1

an

ns+h

(2.43)

=
1
2

∑k
n=1

∑k
m=1

an

ns+h+ 1
2
· am

ms+h+ 1
2

(n−m)
(
nh −mh

)

∑k
n=1

an

ns ·
∑k

n=1
an

ns+h

=

∑k
n=1

an

ns+h+ 1
2
n · nh

∑k
n=1

an

ns+h+ 1
2
−
∑k
n=1

an

ns+h+ 1
2
· n
∑k
n=1

an

ns+h+ 1
2
nh

∑k
n=1

an

ns ·
∑k

n=1
an

ns+h

=

∑k
n=1

an

ns− 1
2
·
∑k

n=1
an

ns+h+ 1
2
−
∑k
n=1

an

ns+h− 1
2
·
∑k

n=1
an

ns+ 1
2∑k

n=1
an

ns ·
∑k

n=1
an

ns+h

=: ∆k.

Since both sequences are uniformly convergent and

lim
k→∞

δk =
ψ′ (s + h)
ψ (s + h)

− ψ′ (s)
ψ (s)

≥ 0, s > 1, h > 0

and

lim
k→∞

∆k =
ψ
(
s − 1

2

)
ψ
(
s + h+ 1

2

)
− ψ

(
s+ h− 1

2

)
ψ
(
s+ 1

2

)

ψ (s+ h)ψ (s)

for s > 3
2 , h > 0, then by the inequalities (2.42) and (2.43) we deduce (2.41).

Remark 2.9. We observe that in the above proposition we proved the result

(2.44) 0 ≤ ψ′ (s + h)
ψ (s + h)

− ψ′ (s)
ψ (s)

≤
ψ
(
s− 1

2

)
ψ
(
s+ h+ 1

2

)
− ψ

(
s + h− 1

2

)
ψ
(
s + 1

2

)

ψ (s + h)ψ (s)
,

for any s > 3
2 and h > 0, which is of interest in itself.

Remark 2.10. In particular, we get for α+ β = 1
2 from (2.41):

(1 ≤)

√
ψ (s)ψ (s + h)
ψ
(
s + h

2

)(2.45)

≤ exp

{
1
4
h

[
ψ
(
s − 1

2

)
ψ
(
s + h+ 1

2

)
− ψ

(
s + h− 1

2

)
ψ
(
s+ 1

2

)

ψ (s+ h)ψ (s)

]}

for s > 3
2

and h > 0.

Further, choosing h = 2 in (2.45) produces

(1 ≤)

√
ψ (s)ψ (s + 2)
ψ (s+ 1)

(2.46)

≤ exp

{
1
2

[
ψ
(
s− 1

2

)
ψ
(
s+ 5

2

)
− ψ

(
s+ 3

2

)
ψ
(
s + 1

2

)

ψ (s + 2)ψ (s)

]}
,

for s > 3
2 .
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2.3 Concavity of the Function 1/ψ

Consider the Dirichlet series ψ (s) as defined by (1.1).
The following proposition may be stated [1]:

Proposition 2.10. For the function ψ defined as above, the following statements are equiv-
alent:

(i) The function 1/ψ in concave on (1,∞) ;

(ii) For any s1, s2 > 1 and α, β ≥ 0 with α+ β = 1 we have

(2.47) ψ (αs1 + βs2) ≤
ψ (s1)ψ (s2)

αψ (s1) + βψ (s2)
.

(iii) For any s > 1 we have

(2.48) ψ′′ (s)ψ (s) ≥ 2
[
ψ′ (s)

]2
.

(iv) For any s > 1 we have

(2.49)
∞∑

n=1

an
ns

·
∞∑

n=1

an (lnn)2

ns
≥ 2 ·

( ∞∑

n=1

an · lnn
ns

)2

.

Proof. By the definition of concavity we have that 1/ψ is concave if and only if for any
s1, s2 > 1 and α, β ≥ 0 with α+ β = 1

1
ψ (αs1 + βs2)

≥ α

ψ (s1)
+

β

ψ (s2)
,

which is exactly (2.47).

Finally, 1/ψ is concave if and only if d2

ds2

(
1

ψ(s)

)
≤ 0 and since

d

ds

(
1

ψ (s)

)
= − ψ′ (s)

ψ2 (s)
,

d2

ds2

(
1

ψ (s)

)
= −

ψ′′ (s)ψ (s) − 2
[
ψ′ (s)

]2

ψ3 (s)

=
2
[
ψ′ (s)

]2 − ψ′′ (s)ψ (s)
ψ3 (s)

and

ψ′ (s) = −
∞∑

n=1

an · lnn
ns

, ψ′′ (s) =
∞∑

n=1

an (lnn)2

ns
, s > 1

then 1/ψ is concave if and only if either (2.48) or, equivalently (2.49) holds true.

Remark 2.11. If one of the statements (i), (ii) or (iii) holds, then we have the inequality:

(2.50) ψ (s+ 1) ≤ 2ψ (s)ψ (s + 2)
ψ (s) + ψ (s + 2)

,
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for any s > 1. This inequality, if true, would improve the known fact from (2.23) that:

(2.51) ψ (s + 1) ≤
√
ψ (s)ψ (s + 2), s > 1

since, by the harmonic mean – geometric mean inequality we know that

(2.52)
2ψ (s)ψ (s + 2)
ψ (s) + ψ (s + 2)

≤
√
ψ (s)ψ (s + 2), s > 1.

Conjecture 2.11. Based on some numerical experiments conducted with a computer pro-
gram, we conjecture that any Dirichlet series ψ with nonnegative coefficients has the property
that the function 1/ψ is concave where it is defined.

The following result gives an answer to the conjecture above in the case of the Zeta
function.

Theorem 2.12. The function 1/ζ is concave on the interval (1,∞)

Proof. We use the following identities

(2.53)
ζ′ (s)
ζ (s)

= −
∞∑

n=2

Λ (n)
ns

, (see for example [3, Eq. (5.2)])

(2.54) ln ζ (s) =
∞∑

n=2

Λ (n)
ns lnn

, (see [3, Eq. (3.2)])

and

(2.55)
ζ′′ (s) ζ (s) −

[
ζ′ (s)

]2

[ζ (s)]2
=

∞∑

n=2

Λ (n) lnn
ns

, (see [3, Eq. (5.5)]),

where s > 1 and Λ (n) is the von Mangold function defined by (1.4).
Utilising the Schwarz inequality

k∑

m=1

pm

k∑

m=1

pmα
2
k ≥

(
k∑

m=1

pmαm

)2

with pm ≥ 0, αm ∈ R, m ∈ {1, . . . , k} , we may state from (2.55)

∞∑

n=2

Λ (n) lnn
ns

=
∞∑

n=2

Λ (n)
ns · lnn

· (lnn)2(2.56)

≥

(∑∞
n=2

Λ(n)
ns·lnn · lnn

)2

∑∞
n=2

Λ(n)
ns·lnn

=

(∑∞
n=2

Λ(n)
ns

)2

∑∞
n=2

Λ(n)
ns·ln n

for s > 1, which by the identities (2.53) – (2.55), is equivalent with

(2.57)
ζ ′′ (s) ζ (s) −

[
ζ′ (s)

]2

[ζ (s)]2
≥

[
ζ′(s)
ζ(s)

]2

ln ζ (s)
, s > 1,
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giving the interesting result

(2.58) ζ ′′ (s) ζ (s) −
[
ζ ′ (s)

]2 ≥
[
ζ ′ (s)

]2

ln ζ (s)
(> 0) ,

for any s ∈ (1,∞) .
Now, we observe that for s ∈

[
ζ−1 (e) ,∞

)
we have that ζ (s) ≥ 1 and then by (2.58) we

get

(2.59) ζ′′ (s) ζ (s) ≥ 2
[
ζ ′ (s)

]2

which is equivalent with the fact that 1/ζ is concave on the interval
[
ζ−1 (e) ,∞

)
.

Finally, a simple Maple program (see Figure 1) shows that the plot of the difference
ζ′′ (s) ζ (s)−2

[
ζ′ (s)

]2 for s ∈ (1, ζ−1 (e)) is above the constant 12.60536482 (= ζ′′ (s0) ζ (s0)−
2
[
ζ′ (s0)

]2 where s0 = ζ−1 (e)), and therefore the inequality (2.58) is trivially satisfied on
this interval as well.

Figure 1: The plot for ζ′′ (x) ζ (x) − 2
[
ζ ′ (x)

]2 on (1, ζ−1 (e)).

The concavity of 1
ζ

implies from Proposition 2.10 that ζ (s + 1) is bounded by the har-
monic mean of ζ (s) and ζ (s + 2) . Namely,

Corollary 2.13. For any s > 1 we have that

(2.60) ζ (s + 1) ≤ 2ζ (s) ζ (s + 2)
ζ (s) + ζ (s + 2)

(
≤
√
ζ (s) ζ (s + 2)

)
.
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In particular, for any n ∈ N, n ≥ 1 we have

(2.61) ζ (2n+ 1) ≤ 2ζ (2n) ζ (2n+ 2)
ζ (2n) + ζ (2n+ 2)

(
≤
√
ζ (2n) ζ (2n+ 2)

)
.

3 Inequalities for Dirichlet Series with Positive Terms

3.1 General Results

We consider the Dirichlet series given by (1.1). We assume that the series which defines ψ
is uniformly convergent for s > 1.

The following result may be stated [2]:

Proposition 3.1. Let α, β > 1 with α−1+β−1 = 1. If s, p, q ∈ R are such that s+p+q > 1,
s + pα > 1 and s + qβ > 1, then

(3.1) ψ (s+ p+ q) ≤ [ψ (s + pα)]
1
α [ψ (s+ qβ)]

1
β .

Proof. We use Hölder’s inequality to state that:

ψ (s + p + q) =
∞∑

n=1

an
ns

· 1
np

· 1
nq

≤

[ ∞∑

n=1

an
ns

·
(

1
np

)α] 1
α
[ ∞∑

n=1

an
ns

·
(

1
nq

)β] 1
β

=

( ∞∑

n=1

an
ns+αp

) 1
α
( ∞∑

n=1

an
ns+βq

) 1
β

= [ψ (s+ pα)]
1
α [ψ (s + qβ)]

1
β ,

which proves the desired inequality (3.1).

Remark 3.1. We observe that for α = β = 2, we obtain from (3.1) the following inequality

(3.2) ψ2 (s+ p+ q) ≤ ψ (s+ 2p)ψ (s + 2q) ,

provided the real numbers s, p, q satisfy the conditions s + p + q, s + 2p, s + 2q > 1. In its
turn, the inequality (3.2), and in fact (3.1), is a generalisation of the following result

(3.3) ψ2 (s + 1) ≤ ψ (s)ψ (s + 2) ,

provided s > 1.
We remark that for ψ = ζ one obtains from (3.3) that

(3.4)
ζ (s + 1)
ζ (s)

≤ ζ (s + 2)
ζ (s + 1)

for s > 1.

This inequality is an improvement of a recent result due to Laforgia and Natalini [5] who
proved that

ζ (s+ 1)
ζ (s)

≤ s + 1
s

· ζ (s + 2)
ζ (s + 1)

for s > 1.

Their arguments make use of an integral representation of the Zeta function and Turán-
type inequalities.
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It should be further noted that, if s = 2n, n ∈ N, then (3.4) shows that

ζ (2n+ 1) ≤
√
ζ (2n) ζ (2n+ 2),

demonstrating that Zeta at the odd integers is bounded above by the geometric mean of its
immediate even Zeta values.

The following result also holds [2]:

Proposition 3.2. If a > 1, b, c ∈ R such that bc ≥ (≤) 0 and a + b, a + c, a + b + c > 1,
then:

(3.5) ψ (a)ψ (a+ b+ c) ≥ (≤)ψ (a+ b)ψ (a+ c) .

Proof. Consider the sequence αn := nb, n ≥ 1, b ∈ R. It is clear that αn is increasing if
b > 0 and decreasing if b < 0. Therefore, the sequences 1

nb ,
1
nc are synchronous if bc ≥ 0 and

asynchronous when bc < 0.
Utilising Čebyšev’s inequality for synchronous (asynchronous) sequences, we have:

ψ (a)ψ (a+ b+ c) =
∞∑

n=1

an
na

·
∞∑

n=1

an
na

· 1
nb

· 1
nc

≥ (≤)
∞∑

n=1

an
na

· 1
nb

·
∞∑

n=1

an
na

· 1
nc

= ψ (a+ b)ψ (a + c) ,

and the inequality (3.5) is proved.

Remark 3.2. Utilising the inequality (3.5) (for c = b) we can state the following result

(3.6) ψ2 (a+ b) ≤ ψ (a)ψ (a+ 2b) ,

provided the real numbers a, b are such that a, a + b, a + 2b > 1. We also remark that the
choice b = 1 will produce the same inequality (3.3).

From a different perspective, we can state the following result as well [2]:

Proposition 3.3. Assume that m ≥ 2 and k1, . . . , km > 1
2 . Then

(3.7)
∑

1≤i<j≤m
ψ (ki + kj) ≤

m − 1
2

m∑

j=1

ψ (2kj) .

Proof. By the Schwarz inequality:

m

m∑

j=1

z2
j ≥




m∑

j=1

zj




2

we have

m

m∑

j=1

1
n2kj

≥




m∑

j=1

1
nkj




2

=
m∑

i=1

m∑

j=1

1
nki+kj

(3.8)

=
m∑

j=1

1
n2kj

+ 2
∑

1≤i<j≤m

1
nki+kj
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giving

(3.9)
m − 1

2

m∑

j=1

1
n2kj

≥
∑

1≤i<j≤m

1
nki+kj

.

If we multiply (3.9) by an > 0 and sum over n ≥ 1, we get

m− 1
2

m∑

j=1

( ∞∑

n=1

an
n2kj

)
≥

∑

1≤i<j≤m

( ∞∑

n=1

an
nki+kj

)

which gives the desired inequality (3.7).

Remark 3.3. If a, b, c > 1 then from (3.7) applied for m = 3 we deduce the following result

(3.10) ψ

(
a+ b

2

)
+ ψ

(
b+ c

2

)
+ ψ

(
c+ a

2

)
≤ ψ (a) + ψ (b) + ψ (c) .

In particular, the choice a = x, b = x+ 2, c = x+ 4 will produce the inequality

(3.11) ψ (x+ 1) + ψ (x+ 3) ≤ ψ (x) + ψ (x+ 4) ,

for each x > 1.

If more information about the size of kj, j = 1, . . . ,m is known, then the following
reverse of (3.7) may be stated as well [2]:

Proposition 3.4. Assume that m ≥ 2 and 1
2 < γ ≤ k1, . . . , km ≤ Γ < ∞. Then

(0 ≤)
m − 1

2

m∑

j=1

ψ (2kj) −
∑

1≤i<j≤m

ψ (ki + kj)(3.12)

≤ m2

8
[ψ (2Γ) + ψ (2γ) − 2ψ (γ + Γ)] .

Proof. We use the following Grüss type inequality:

1
m

m∑

j=1

z2
j −


 1
m

m∑

j=1

zj




2

≤
1
4

(Γ − γ)2 ,

provided γ ≤ zj ≤ Γ for each j ∈ {1, . . . ,m} .
Since γ ≤ kj ≤ Γ for j ∈ {1, . . . ,m} , then

1
m

m∑

j=1

1
n2kj

− 1
m2




m∑

j=1

1
nkj




2

≤ 1
4

(
1
nγ

− 1
nΓ

)2

=
1
4

(
1
n2γ

+
1
n2Γ

− 2
nγ+Γ

)

for n ≥ 1, which gives

1
m

m∑

j=1

1
n2kj

− 1
m2




m∑

j=1

1
n2kj

+ 2
∑

1≤i<j≤m

1
nki+kj


 ≤ 1

4

(
1
n2γ

+
1
n2Γ

− 2
nγ+Γ

)

for n ≥ 1.
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Multiplying with m2 and re-arranging, we get

(3.13)
m − 1

2

m∑

j=1

1
n2kj

−
∑

1≤i<j≤m

1
nki+kj

≤ m2

8

(
1
n2γ

+
1
n2Γ

− 2
nγ+Γ

)

for any n ≥ 1.
Finally, if we multiply (3.13) by an ≥ 0 and sum over n ≥ 1, we get the desired inequality

(3.12).

Remark 3.4. If R > a, b, c > r > 1 then from (3.12) applied for m = 3 we deduce the
following result

0 ≤ ψ (a) + ψ (b) + ψ (c) − ψ

(
a+ b

2

)
− ψ

(
b+ c

2

)
− ψ

(
c+ a

2

)
(3.14)

≤ 9
4
·
[
ψ (r) + ψ (R)

2
− ψ

(
r + R

2

)]
.

The following result may be stated as well [2]:

Proposition 3.5. Assume that m ≥ 1 and 1
2
< γ ≤ k1, . . . , km ≤ Γ < ∞. Then

(3.15)
m∑

j=1

[ψ (kj + γ) + ψ (kj + Γ)] ≥
m∑

j=1

ψ (2kj) +mψ (γ + Γ) .

Proof. We have: (
1
nγ

− 1
nkj

)(
1
nkj

− 1
nΓ

)
≥ 0

for each j ∈ {1, . . . ,m} and n ≥ 1. This is clearly equivalent to:

1
nγ+kj

+
1

nΓ+kj
≥ 1
n2kj

+
1

nγ+Γ

for j ∈ {1, . . . ,m} and n ≥ 1.
Summing over j from 1 to m, we get:

(3.16)
m∑

j=1

1
nγ+kj

+
m∑

j=1

1
nΓ+kj

≥
m∑

j=1

1
n2kj

+
m

nγ+Γ

for each n ≥ 1.
Multiplying (3.16) with an ≥ 0 and summing over n ≥ 1, we deduce the desired inequality

(3.15).

The following result may be stated as well [2]:

Proposition 3.6. Assume that m ≥ 1 and 1
2
< γ ≤ k1, . . . , km ≤ Γ < ∞. Then

(3.17)
(
m − 1

2

) m∑

j=1

ψ (2kj) ≤
1
2

m∑

j=1

[
ψ (2kj − γ + Γ) + ψ (2kj − Γ + γ)

2

]

+
∑

1≤i<j≤m

[
ψ (ki + kj − Γ + γ) + ψ (ki + kj − γ + Γ)

2

]

+
∑

1≤i<j≤m
ψ (ki + kj) .
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Proof. We apply the Polyá-Szegö inequality:

(3.18) (1 ≤)
m
∑m

j=1 z
2
j(∑m

j=1 zj

)2 ≤ (Γ + γ)2

4γΓ
,

provided γ ≤ zj ≤ Γ, j ∈ {1, . . . ,m} .
Observing that

1
nΓ

≤ 1
nkj

≤ 1
nγ
, j = 1, . . . ,m

then by (3.18) we have

m

m∑

j=1

1
n2kj

≤
(

1
nγ + 1

nΓ

)2

4 1
nγ · 1

nΓ




m∑

j=1

1
nkj




2

=
1
4
(
nΓ−γ + nγ−Γ + 2

)


m∑

j=1

1
n2kj

+ 2
∑

1≤i<j≤m

1
nki+kj




=
1
4



m∑

j=1

1
n2kj−Γ+γ

+
m∑

j=1

1
n2kj−γ+Γ

+ 2
m∑

j=1

1
n2kj




+
1
2


 ∑

1≤i<j≤m

1
nki+kj−Γ+γ

+
∑

1≤i<j≤m

1
nki+kj−γ+Γ

+ 2
∑

1≤i<j≤m

1
nki+kj


 ,

which is clearly equivalent to:

(3.19)
(
m − 1

2

) m∑

j=1

1
n2kj

≤ 1
4



m∑

j=1

1
n2kj−Γ+γ

+
m∑

j=1

1
n2kj−γ+Γ




+
1
2


 ∑

1≤i<j≤m

1
nki+kj−Γ+γ

+
∑

1≤i<j≤m

1
nki+kj−γ+Γ


+

∑

1≤i<j≤m

1
nki+kj

for any n ≥ 1.
Multiplying (3.19) by an ≥ 0 and summing over n, we deduce the desired result (3.17).

3.2 Representations as Double Sums

Consider the sequences

(3.20) I±k (p, s) :=
1
2

k∑

n=1

k∑

m=1

(np ±mp)2

nsms
anam, k ≥ 1

where an ≥ 0, n ≥ 1 and s, p ∈ R.
The following representation holds [2]:

Proposition 3.7. If s > 1 and p ∈ R such that s − 1 > 2p and s − 1 > p, then

(3.21) I± (p, s) := lim
k→∞

I±k (p, s) = ψ (s − 2p)ψ (s) ± [ψ (s − p)]2 (≥ 0) .
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Proof. We observe that

I±k (p, s) =
1
2

k∑

n=1

k∑

m=1

(
n2p ± 2npmp +m2p

nsms

)
anam

=
1
2

[
k∑

n=1

an
ns−2p

k∑

m=1

am
ms

± 2
k∑

n=1

an
ns−p

k∑

m=1

am
ms−p +

k∑

n=1

an
ns

k∑

m=1

am
ms−2p

]
.

Since, for s > 1, s− 1 > 2p, s − 1 > p,

lim
k→∞

k∑

n=1

an
ns−2p

= ψ (s− 2p) , lim
k→∞

k∑

n=1

an
ns−p

= ψ (s− p) ,

and lim
k→∞

k∑

n=1

an
ns

= ψ (s)

then, the limk→∞ I±k (p, s) exists and the relation (3.21) is proved.

Remark 3.5. We observe that for s > 1 and p = −1, we have:

(3.22) ψ (s + 2)ψ (s) − [ψ (s + 1)]2 =
1
2

lim
k→∞

k∑

n=1

k∑

m=1

(n−m)2

ns+2ms+2
anam ≥ 0.

The following result may be stated [2]:

Proposition 3.8. Let α, β > 1 with α−1+β−1 = 1. If s, p, q, r ∈ R are such that s+q+r > 1,
s + q + r − 1 > 2p, s + q + r − 1 > p and s + αq > 1, s + αq − 1 > 2p, s + αq − 1 > p,
s + βr > 1, s + βr − 1 > 2p, s + βr − 1 > p, then

(3.23) I± (p, s+ q + r) ≤
[
I± (p, s+ αq)

] 1
α
[
I± (p, s+ βr)

] 1
β .

Proof. Using the representation (3.20), (3.21) and the Hölder inequality for double sums,
we have:

I± (p, s+ q + r) =
1
2

lim
k→∞

k∑

n=1

k∑

m=1

(np ±mp)2

ns+q+rms+q+r
anam

=
1
2

lim
k→∞

k∑

n=1

k∑

m=1

1
nq ·mq

· 1
nr ·mr

· (np ±mp)2

ns ·ms
anam

≤

[
1
2

lim
k→∞

k∑

n=1

k∑

m=1

(np ±mp)2

ns ·ms
anam

(
1

nq ·mq

)α] 1
α

×

[
1
2

lim
k→∞

k∑

n=1

k∑

m=1

(np ±mp)2

ns ·ms
anam

(
1

nr ·mr

)β] 1
β

=
[
I± (p, s+ αq)

] 1
α
[
I± (p, s+ βr)

] 1
β

and the inequality (3.23) is obtained.
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Remark 3.6. In particular, if we define:

(3.24) I (s) := ψ (s + 2)ψ (s) − [ψ (s + 1)]2 for s > 1,

then we have:

(3.25) I (s + q + r) ≤ [I (s + αq)]
1
α [I (s + βr)]

1
β ,

where α, β > 1, 1
α + 1

β = 1 and s, q, r ∈ R with s+ q + r, s+ αq and s + βr > 1.

The following log-convexity property may be stated [2]:

Proposition 3.9. Let p ∈ R and s0 := max {1, p+ 1, 2p+ 1} . Then the function s 7→
I±k (p, s) is log-convex on the interval (s0,+∞) .

Proof. Let s1, s2 ∈ (s0,+∞) . Then for α, β > 0, α+β = 1 by Hölder’s inequality for double
sums we have

I±k (p, αs1 + βs2) =
1
2

k∑

n=1

k∑

m=1

(np ±mp)2

nαs1+βs2mαs1+βs2
anam

=
1
2

k∑

n=1

k∑

m=1

(np ±mp)2 anam
(nm)αs1 (nm)βs2

≤

[
1
2

k∑

n=1

k∑

m=1

(np ±mp)2 anam
[(nm)αs1 ]1/α

]α 
1

2

k∑

n=1

k∑

m=1

(np ±mp)2 anam[
(nm)βs2

]1/β




β

=
[
I±k (p, s1)

]α [
I±k (p, s2)

]β

for any k ≥ 1.
Taking the limit over k → ∞, and using the representation (3.21) we deduce the desired

result.

Corollary 3.10. The function I (s) := ψ (s + 2)ψ (s)− [ψ (s + 1)]2 is log-convex on (1,∞) .

For given s, p ∈ R and k ∈ N, k ≥ 1, we consider the sequence

∆k (s, p) :=
1
2

k∑

n=1

k∑

m=1

(an − am)
(

1
ms

− 1
ns

)
1

npmp
,

where an is also a sequence of real numbers.
The following representation result may be stated [2]:

Proposition 3.11. If an ≥ 0, n ∈ N, n ≥ 1 and p > 1, s ∈ R such that s + p > 1, then we
have the representation

(3.26) lim
k→∞

∆k (s, p) = ψ (p) ζ (s + p) − ζ (p)ψ (s + p) ,

where ζ is the Zeta function, i.e.,

ζ (p) :=
∞∑

n=1

1
np
, p > 1.
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Proof. Observe that, by Korkine’s identity, i.e., the equality

m∑

i=1

pi

m∑

i=1

piaibi −
m∑

i=1

piai

m∑

i=1

pibi =
1
2

m∑

i=1

n∑

j=1

pipj (ai − aj) (bi − bj) ,

we have:

k∑

n=1

1
np

k∑

n=1

1
np

· an ·
1
ns

−
k∑

n=1

1
np

· an ·
k∑

n=1

1
np

· 1
ns

=
1
2

m∑

i=1

n∑

j=1

1
npmp

(an − am)
(

1
ns

− 1
ms

)

= −∆k (s, p)

for each k ≥ 1 and p, s as above.
Since

lim
k→∞

k∑

n=1

1
np

= ζ (p) and lim
k→∞

k∑

n=1

an
np

= ψ (p)

then, the limk→∞ ∆k (p, s) exists and the identity (3.26) holds true.

Corollary 3.12. If the sequence (an)n∈N is decreasing (increasing) then

(3.27) ζ (s + p)ψ (p) ≤ (≥) ζ (p)ψ (s + p)

for p > 1 and s ∈ R such that s + p > 1.

The following result concerning some bounds for the quantity

ζ (s + p)ψ (p) − ζ (p)ψ (s + p)

in the case when the sequences (an)n∈N satisfy some Lipschitz type conditions may be stated
as well [2]:

Proposition 3.13. Assume that for (an)n∈N there exists the constants γ,Γ ∈ R such that

(3.28) γ ≤ an − am
n−m

≤ Γ

for any n,m ∈ N, n 6= m. Then for p > 2 and s ∈ R such that , p+ s > 2

γ [ζ (p− 1) ζ (p+ s) − ζ (p) ζ (p + s − 1)](3.29)
≤ ζ (s + p)ψ (p) − ζ (p)ψ (s + p)
≤ Γ [ζ (p − 1) ζ (p+ s) − ζ (p) ζ (p+ s − 1)] .

Proof. With the assumption (3.28) we have

(3.30)
1
2
γ

k∑

n=1

k∑

m=1

(n−m)
(

1
ms

− 1
ns

)
1

npmp

≤ ∆k (p, s) ≤
1
2
Γ

k∑

n=1

k∑

m=1

(n−m)
(

1
ms

−
1
ns

)
1

npmp
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for each k ∈ N, k ≥ 1.
Further, utilising Korkine’s identity produces

Ik :=
1
2

k∑

n=1

k∑

m=1

(n−m)
(

1
ms

− 1
ns

)
1

npmp

=
k∑

n=1

n

np
·
k∑

n=1

1
ns

· 1
np

−
k∑

n=1

1
np

k∑

n=1

1
np

· n · 1
ns

=
k∑

n=1

1
np−1

k∑

n=1

1
np+s

−
k∑

n=1

1
np

k∑

n=1

1
np+s−1

for each k ∈ N, k ≥ 1 and so, for p > 2, s ∈ R with p + s, p+ s− 1 > 1, we have

lim
k→∞

Ik = ζ (p− 1) ζ (p+ s) − ζ (p) ζ (p + s − 1) .

Taking the limit in (3.30) we deduce the desired inequality (3.29).

The following simple result also holds [2]:

Proposition 3.14. Let an ≥ 0, n ∈ N, n ≥ 1 and s > 1.

(i) If an is increasing and

M := sup
k∈N
k≥1

{
1
k

k∑

n=1

an

}
,

then

(3.31) ψ (s) ≤ M · ζ (s) .

(ii) If an is decreasing and

m := inf
k∈N
k≥1

{
1
k

k∑

n=1

an

}

then

(3.32) ψ (s) ≥ m · ζ (s) .

Proof. Utilising Korkine’s identity we have for each k ≥ 1 that

(3.33) k

k∑

n=1

an
ns

−
k∑

n=1

an

k∑

n=1

1
ns

=
1
2

k∑

n=1

k∑

m=1

(an − am)
(

1
ns

− 1
ms

)

(i) If an is increasing, then by (3.33) we deduce that

(3.34)
k∑

n=1

an
ns

≤

(
1
k

k∑

n=1

an

)
k∑

n=1

1
ns

≤ M

k∑

n=1

1
ns
.

Taking the limit over k → ∞ in (3.34) we deduce (3.31).

(ii) Goes likewise and we omit the details.
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4 Inequalities in Terms of the First and Second Derivatives

We consider the sequence

(4.1) Sk (s) :=
1
2

k∑

n=1

k∑

m=1

(lnn− lnm)2

nsms
anam, s > 1,

where k ∈ N, k ≥ 1.
The following representation holds [2]:

Proposition 4.1. Consider the Dirichlet series ψ (s) :=
∑∞

n=1
an

ns with an ≥ 0 and assumed
to be uniformly convergent on (1,∞). Then

(4.2) S (s) := lim
k→∞

Sk (s) = ψ′′ (s)ψ (s) −
[
ψ′ (s)

]2 (≥ 0) ,

for s ∈ (1,∞) .

Proof. It is obvious that

ψ′ (s) = −
∞∑

n=1

an
ns

· lnn

and

ψ′′ (s) =
∞∑

n=1

an
ns

· (lnn)2

for s > 1.
Now, observe that for k ≥ 1

Sk (s) =
1
2

k∑

n=1

k∑

m=1

[
(lnn)2 + (lnm)2 − 2 lnn · lnm

nsms

]
anam

=
k∑

n=1

an
ns

· (lnn)2
k∑

n=1

an
ns

−

( ∞∑

n=1

an
ns

· lnn

)2

,

and since

lim
k→∞

k∑

n=1

an
ns

· (lnn)2 = ψ′′ (s) and lim
k→∞

∞∑

n=1

an
ns

· lnn = ψ′ (s)

then (4.2) holds.

The following result concerning the convexity property of S (s) may be stated [2].

Proposition 4.2. The function S (s) = ψ′′ (s)ψ (s) −
[
ψ′ (s)

]2 is log-convex on (1,∞) .

The proof follows by making use of the representation (4.1) and utilising the Hölder
inequality for double sums.

The details are omitted.

Theorem 4.3 ([2]). We have the inequality:

(4.3) (0 ≤)ψ′′ (s)ψ (s) −
[
ψ′ (s)

]2 ≤ ψ (s− 1)ψ (s + 1) − [ψ (s)]2 ,

for any s > 2.
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Proof. We use the following inequality between the geometric mean and the logarithmic
mean of two positive numbers a, b, a 6= b,

b− a

ln b− lna
>

√
ab,

to state that
lnn− lnm
n−m

≤
1√
nm

for n,m ≥ 1, n 6= m.

This obviously implies that

(lnn − lnm)2 ≤ (n−m)2

nm

for each n,m ≥ 1 and then from (4.1)

(4.4) Sk (s) ≤ 1
2

k∑

n=1

k∑

m=1

(n−m)2

ns+1ms+1
anam =

k∑

n=1

1
ns−1

an ·
k∑

n=1

an
ns+1

−

(
k∑

n=1

an
ns

)2

,

for each k ∈ N, k ≥ 1.
Since

lim
k→∞

k∑

n=1

an
ns

= ψ (s)

for s > 1, hence by (4.4) we deduce the desired inequality (4.3).

In [7], F. Topsøe obtained amongst others, the following inequality for the logarithmic
function:

(4.5) |lnx| ≤ 1
2

∣∣∣∣x− 1
x

∣∣∣∣ for x > 0.

We may state the following result based on (4.5) [2]:

Theorem 4.4. We have the inequality:

(4.6) (0 ≤)ψ′′ (s)ψ (s) −
[
ψ′ (s)

]2 ≤ 1
2

[
ψ (s + 2)ψ (s − 2) − [ψ (s)]2

]
,

for any s > 3.

Proof. On making use of (4.5), we have:

(lnn − lnm)2 ≤ 1
2

( n
m

− m

n

)2

for n,m ∈ N, n 6= m;n,m ≥ 1

which gives from (4.1):

Sk (s) ≤ 1
4

k∑

n=1

k∑

m=1

n4 − 2n2m2 +m4

ns+2ms+2
anam =

1
2




k∑

n=1

an
ns−2

k∑

n=1

an
ns+2

−

(
k∑

n=1

an
ns

)2



which implies the desired inequality (4.6).
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Remark 4.1. From (4.3) and (4.6), a computer comparison of the bounds

B1 (s) := ψ (s− 1)ψ (s + 1) − [ψ (s)]2 , s > 2

and
B2 (s) :=

1
2

[
ψ (s+ 2)ψ (s − 2) − [ψ (s)]2

]
, s > 3

for s > 3 and ψ = ζ (Zeta function) shows that

B2 (s) ≤ B1 (s) for all s > 3.

However, we do not have an analytic proof for this inequality.

The following result may be stated as well [2]:

Theorem 4.5. We have the inequality:

(4.7) (0 ≤)ψ (s + 2)ψ (s) − [ψ (s + 1)]2 ≤ ψ′′ (s)ψ (s) −
[
ψ′ (s)

]2

for any s > 1.

Proof. We use the following elementary inequality for the logarithmic mean:

b− a

ln b− lna
≤ a+ b

2
, a, b > 0 (a 6= b)

which implies:

lnn− lnm
n−m

≥ 2
n+m

for n,m ∈ N, n 6= m;n,m ≥ 1.

This obviously implies:

(lnn− lnm)2 ≥ 4 (n −m)2

(n+m)2
for any n,m ∈ N, n,m ≥ 1.

Consequently, with the above notation, we have from (4.1):

Sk (s) ≥ 2
k∑

n=1

k∑

m=1

(n−m)2

(n+m)2
· 1
nsms

anam(4.8)

= 2
k∑

n=1

k∑

m=1

(n−m)2
(

1
n + 1

m

)2 · 1
ns+2ms+2

anam

≥ 1
2

k∑

n=1

k∑

m=1

(n−m)2

ns+2ms+2
· anam

=: Lk (s) ,

where we have used the fact that 1
n + 1

m ≤ 2 for n,m ≥ 1.
Observing that

Lk (s) =
1
2

k∑

n=1

k∑

m=1

n2 − 2nm+m2

ns+2ms+2
anam(4.9)

=
k∑

n=1

an
ns+2

k∑

n=1

an
ns

−

(
k∑

n=1

an
ns+1

)2

= Mk (s) ,
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then, on making use of (4.8) and (4.9) we deduce:

(4.10) Sk (s) ≥ Mk (s) for k ≥ 1 and s > 1.

Further, since
lim
k→∞

Sk (s) = ψ′′ (s)ψ (s) −
[
ψ′ (s)

]2

and
lim
k→∞

Mk (s) = ψ (s+ 2)ψ (s) − [ψ (s+ 1)]2

uniformly for s > 1, then by (4.10) we conclude the desired result (4.7).

Remark 4.2. Theorem 4.5 provides a lower bound for ψ′′ (s)ψ (s)−
[
ψ′ (s)

]2 whereas The-
orems 4.3 and 4.4 give upper bounds.

4.1 Other Inequalities for the First Derivative

In this section we establish some bounds for the quantity

(4.11) Q (s) :=
ζ′ (s)
ζ (s)

− ψ′ (s)
ψ (s)

, s > 1

provided ψ is defined by the Dirichlet series

(4.12) ψ (s) :=
∞∑

n=1

an
ns
, s > 1

and ζ is the Zeta function.
We observe that if (an)n∈N is nonnegative and monotonic nondecreasing (nonincreasing)

then (see [1]):

(4.13)
ζ′ (s)
ζ (s)

≥ (≤)
ψ′ (s)
ψ (s)

for s > 1.

The following result may be stated as well [2].

Theorem 4.6. If (an)n∈N is nonnegative and nondecreasing, then we have the reverse
inequality:

(4.14) (0 ≤)
ζ′ (s)
ζ (s)

−
ψ′ (s)
ψ (s)

≤
ψ
(
s − 1

2

)
ζ
(
s + 1

2

)
− ψ

(
s + 1

2

)
ζ
(
s − 1

2

)

ζ (s)ψ (s)
,

for any s > 3
2
.

Proof. Consider the sequence:

Qk (s) :=
∑k
n=1

an ln n
ns ·

∑k
n=1

1
ns −

∑k
n=1

an

ns ·
∑k
n=1

lnn
ns

ζ (s)ψ (s)

for k ≥ 1.
We observe that for s > 1 the sequence Qn (s) is uniformly convergent and

lim
n→∞

Qn (s) = Q (s) =
ζ′ (s)
ζ (s)

− ψ′ (s)
ψ (s)

, s > 1.
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Utilising Korkine’s identity, we also have:

(4.15) Qk (s) =
1
2
·
∑k

n=1

∑k
m=1 (an − am) (lnn− lnm) 1

nsms∑k
n=1

1
ns ·

∑k
n=1

an

ns

for k ≥ 1, s > 1.
Utilising the fact that (an) is monotonic nondecreasing, the elementary inequality:

lnn− lnm
n−m

≤ 1√
nm

, n,m ≥ 1, n 6= m,

we get

Qk (s) ≤
1
2
·

∑k
n=1

∑k
m=1 (an − am) (n−m) 1

ns+ 1
2ms+ 1

2∑k
n=1

1
ns ·

∑k
n=1

an

ns

(4.16)

=

∑k
n=1

an·n
ns+ 1

2
·
∑k

n=1
1

ns+ 1
2
−
∑k
n=1

an

ns+ 1
2
·
∑k

n=1
n

ns+1
2∑k

n=1
1
ns ·

∑k
n=1

an

ns

=: Vk (s) , s > 1.

Since

lim
k→∞

Vk (s) =
ψ
(
s − 1

2

)
ζ
(
s + 1

2

)
− ψ

(
s + 1

2

)
ζ
(
s− 1

2

)

ζ (s)ψ (s)

for s > 3
2
, then by (4.16) we deduce the desired result (4.14).

The following upper bound for Q (s) , s > 1, can be established as well [2]:

Theorem 4.7. With the assumptions of Theorem 4.6, we have

(4.17) (0 ≤)
ζ ′ (s)
ζ (s)

− ψ′ (s)
ψ (s)

≤ 1
2
·
[
ψ (s− 1) ζ (s + 1) − ψ (s + 1) ζ (s− 1)

ζ (s)ψ (s)

]

for any s > 2.

Proof. From inequality (4.9) we have:

lnn− lnm
n−m

≤ n+m

2nm
, for any n,m ≥ 1, n 6= m,

which from (4.15) implies that

Qk (s) ≤ 1
4
·
∑k
n=1

∑k
m=1 (an − am) (n−m) n+m

ns+1ms+1∑k
n=1

1
ns ·

∑k
n=1

an

ns

(4.18)

=
1
2
·
∑k
n=1

an·n2

ns+1 ·
∑k

n=1
1

ns+1 −
∑k
n=1

an

ns+1 ·
∑k

n=1
n2

ns+1∑k
n=1

1
ns ·

∑k
n=1

an

ns

=: Wk (s) , s > 1.

Since
lim
k→∞

Wk (s) =
1
2
· ψ (s − 1) ζ (s + 1) − ψ (s + 1) ζ (s − 1)

ζ (s)ψ (s)

for s > 1, the inequality (4.18) produces the desired result (4.17).
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Finally, the following refinement of the inequality (4.13) may be stated as well [2]:

Theorem 4.8. With the assumptions of Theorem 4.6, we have the inequality:

(4.19) 0 ≤ ζ (s + 1)
ζ (s)

− ψ (s + 1)
ψ (s)

≤ ζ ′ (s)
ζ (s)

− ψ′ (s)
ψ (s)

,

for s > 1.

Proof. Utilising the inequality:

lnn− lnm
n−m

≤ 2
n+m

, for n,m ∈ N, n 6= m, n,m ≥ 1,

we have

Qk (s) ≥ 1
2
·
∑k

n=1

∑k
m=1 (an − am) (n−m) · 2

n+m · 1
nsms

∑k
n=1

1
ns ·

∑k
n=1

an

ns

(4.20)

≥ 1
2
·
∑k

n=1

∑k
m=1 (an − am) (n−m) · 1

ns+1ms+1∑k
n=1

1
ns ·

∑k
n=1

an

ns

= Zk (s)

since for n,m > 1,
2

n+m
=

2
nm

(
1
n + 1

m

) ≥ 1
nm

.

Observing that:

Zk (s) =
∑k
n=1

an ·n
ns+1 ·

∑k
n=1

1
ns+1 −

∑k
n=1

an

ns+1 ·
∑k

n=1
n

ns+1∑k
n=1

1
ns ·

∑k
n=1

an

ns

=
∑k

n=1
an

ns ·
∑k

n=1
1

ns+1 −
∑k
n=1

an

ns+1 ·
∑k

n=1
n

ns+1∑k
n=1

1
ns ·

∑k
n=1

an

ns

for k ≥ 1, and

lim
k→∞

Zk (s) =
ζ (s+ 1)ψ (s) − ψ (s + 1) ζ (s)

ψ (s) ζ (s)
=
ζ (s+ 1)
ζ (s)

− ψ (s + 1)
ψ (s)

,

then by (4.20) we deduce the desired result (4.19).

Remark 4.3. The inequalities (4.14), (4.17) and (4.19) are obviously equivalent to:

(0 ≤)ζ′ (s)ψ (s) − ψ′ (s) ζ (s)(4.21)

≤ ψ

(
s− 1

2

)
ζ

(
s+

1
2

)
− ψ

(
s +

1
2

)
ζ

(
s − 1

2

)
, s >

3
2

(0 ≤)ζ ′ (s)ψ (s) − ψ′ (s) ζ (s)(4.22)

≤ 1
2

[ψ (s− 1) ζ (s+ 1) − ψ (s + 1) ζ (s− 1)] , s > 2

and

(0 ≤)ζ (s + 1)ψ (s) − ψ (s + 1) ζ (s)(4.23)
≤ ζ ′ (s)ψ (s) − ψ′ (s) ζ (s) , s > 1

respectively.
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Now, consider ψ (s) :=
∑∞
n=1

lnn
hs , s > 1. We observe that this Dirichlet series satisfies

the assumptions of Theorem 4.6. Also ψ (s) = −ζ (s) , s > 1. Therefore, by (4.21), (4.22)
and (4.23) we have the inequalities:

(0 ≤)ζ ′′ (s) ζ (s) −
[
ζ′ (s)

]2(4.24)

≤ ζ′
(
s +

1
2

)
ζ

(
s − 1

2

)
− ζ ′

(
s− 1

2

)
ζ

(
s+

1
2

)
, s >

3
2

(0 ≤)ζ ′′ (s) ζ (s) −
[
ζ′ (s)

]2(4.25)

≤
1
2
[
ζ′ (s + 1) ζ (s − 1) − ζ′ (s − 1) ζ (s + 1)

]
, s > 2

and

(0 ≤)ζ′ (s + 1) ζ (s) − ζ (s + 1) ζ′ (s)(4.26)

≤ ζ′′ (s) ζ (s) −
[
ζ′ (s)

]2
, s > 2

respectively.
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Abstract. We determine all the values of the parameters α, β for which d
dx

{
1
x

∫ x
0 t−βJα(t)dt

}
<

0, for all x > 0, where Jα(t) is the Bessel function of the first kind and order α. As an ap-
plication we give some new examples of subadditive functions on [0, ∞). These generalize
corresponding results for the sine integral function Si(x) =

∫ x
0

sin t
t

dt.
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1 Introduction

Let I be an interval on the real line R. A function f : I → R is called subadditive on I, if

f(x + y) ≤ f(x) + f(y) for all x, y ∈ I with x+ y ∈ I.

Subadditive functions are of importance in several branches of mathematics, such as semi-
group theory, number theory and the theory of special functions; see [1], [2], [10] and the
references given therein.

It is shown in [9] that if a function f : [0,∞) → R has a continuous derivative and

satisfies the conditions f(0) = 0 and
(
f(x)
x

)′
< 0, for all x > 0, then f is subadditive on

[0, ∞). Using this result several examples of subadditive functions can be obtained. More
specifically, let φ be a continuous function on [0, ∞). In view of the above, when the mean-
value function 1

x

∫ x
0
φ(t) dt satisfies the inequality d

dx

(
1
x

∫ x
0
φ(t) dt

)
< 0, for all x > 0, then

f(x) =
∫ x
0
φ(t) dt, is subadditive on [0, ∞).

Let Si(x) =
∫ x
0

sin t
t dt be the sine integral. This function is subadditive on [0, ∞) because

(1.1)
d

dx

(
1
x

∫ x

0

sin t
t

dt

)
< 0, for all x > 0.

This inequality has been established in [9]. The aim of this article is to present some
generalizations of (1.1). In particular, we show that

(1.2)
d

dx

(
1
x

∫ x

0

sin t
ta

dt

)
< 0, for all x > 0,
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precisely when 1 ≤ a < 2. Inequality (1.2), in turn, is a special case of a more general
inequality involving Bessel functions. Let Jα(t) be the Bessel function of the first kind and
order α defined by

Jα(t) =
∞∑

k=0

(−1)k (t/2)2k+α

k! Γ(k + α+ 1)
,

for α > −1.
The main result we prove here is the following.

Theorem 1.1. For all x > 0 we have

(1.3)
d

dx

{
1
x

∫ x

0

t−βJα(t) dt
}
< 0,

when 0 < β − α < 1, β ≥ 1
2 and α > −1

2 or β = α ≥ 1
2 . This result is best possible with

respect to α, β.

It should first be noted that the condition β −α < 1, is necessary for the convergence of
the integral in (1.3) at zero.

Recalling that J 1
2
(t) =

(
2
π t

) 1
2 sin t , we see that (1.2) is the special case α = 1

2 and
β = a− 1

2 of (1.3). The case α = β = 1/2 is the inequality (1.1).
Using Theorem 1.1 we deduce the following.

Corollary 1.2. If α, β satisfy the conditions of Theorem 1.1, then the function

f(x) :=
∫ x

0

t−βJα(t) dt ,

is subadditive on [0, ∞).

2 Proof of the Main Result

Proof. We set c := α−β
2 and assume that c > −1

2 . When c 6= 0 it is easy to see that

(2.1)
d

dx

{
1
x

∫ x

0

t−βJα(t) dt
}

=
x2c−1

2α Γ(α+ 1)
c

c+ 1
2

2F3

(
c+ 1, c+ 1

2

c, c+ 3
2 , α+ 1

; −z2

)
,

where z = x/2 and pFq denotes the generalized hypergeometric function with p numerator
and q denominator parameters defined by

pFq

(
a1, a2, . . . , ap
b1, b2, . . . , bq

; y
)

= 1 +
∞∑

k=1

(a1)k(a2)k · · · (ap)k
(b1)k(b2)k · · · (bq)k

yk

k!
.

As usual, (a)k denotes the Pochhammer symbol, defined by (a)0 = 1 and

(a)k = a(a+ 1) · · · (a+ k − 1) =
Γ(k + a)

Γ(a)

for k = 1, 2, . . ..
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By an elementary calculation we then find that

(2.2)
c

c+ 1
2

2F3

(
c+ 1, c+ 1

2

c, c+ 3
2 , α+ 1

; −z2

)

= − z2

(α+ 1)(c+ 3
2
) 1F2

(
c+ 3

2

c+ 5
2 , α+ 2

; −z2

)

+
c

c+ 1
2

1F2

(
c + 1

2

c+ 3
2 , α+ 1

; −z2

)
.

From (2.2) and (2.1) we see that it is sufficient to prove that

(2.3) 1F2

(
c + 1

2

c+ 3
2 , α+ 1

; −z2

)
> 0, z > 0

and

(2.4) 1F2

(
c + 3

2

c+ 5
2 , α+ 2

; −z2

)
> 0, z > 0

when −1/2 < c < 0, β ≥ 1/2 and α > −1/2.
In the case where c = 0 we similarly have

(2.5)
d

dx

{
1
x

∫ x

0

t−αJα(t) dt
}

= −1
3

z

2α Γ(α+ 2) 1F2

( 3
2

5
2 , α+ 2

; −z2

)
,

where z = x/2, so that in this case we need only to verify that (2.4) holds for c = 0 and
α ≥ 1/2.

We observe that for c > −1/2 we have
∫ x

0

t−βJα(t) dt =
x2c+1

2α+1 Γ(α+ 1) (c+ 1
2
) 1F2

(
c + 1

2

c+ 3
2 , α+ 1

; −z2

)
.

The desired inequality (2.3) follows from this and the inequality

(2.6)
∫ x

0

t−βJα(t) dt > 0, for all x > 0

which holds for all β ≥ 0 when β − α < 1. See [4] and also [3, p. 390].
In order to prove (2.4), we shall show that the generalized hypergeometric series 1F2

on the left hand side can be written as a sum of squares of Bessel functions with positive
coefficients. This method was introduced in [6], and also used in [7] and [8], to prove the
positivity of certain integrals involving the Bessel functions. Indeed, using the formula

z2ν =
Γ2(ν + 1)22ν+1

Γ(2ν + 1)

∞∑

n=0

(n+ ν)Γ(n+ 2ν)
n!

J2
n+ν(z)

(see [11, (5.5)(1)]), it can be shown that

(2.7) 1F2

(
a1

b1, b2
;−z2

)
= Γ2(ν + 1) 22ν z−2ν

×
∞∑

n=0

(2ν + 1)n
n!

2n+ 2ν
n+ 2ν

J2
n+ν(z) 4F3

(
−n, n+ 2ν, ν + 1, a1

ν + 1
2 , b1, b2

; 1
)
,
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where 2ν is not a negative integer and the factor (2n + 2ν)/(n + 2ν) is replaced by 1 at
n = 0 (cf. [6, (3.1)]). On account of (2.7), it suffices to show that

4F3

(
−n, n + 2ν, ν + 1, c + 3

2

ν + 1
2
, c+ 5

2
, α+ 2

; 1
)
> 0, for n = 0, 1, 2, . . . .

We set ν = α
2 + 3

4 and see that this 4F3 is a balanced (or Saalschützian) hypergeometric
series which can be transformed into another balanced 4F3 by Whipple’s transformation
formula, viz.,

4F3

(
−n, x, y, z
u, v, w

; 1
)

=
(v − z)n(w − z)n

(v)n(w)n
4F3

(
−n, u− x, u− y, z

1 − v + z − n, 1 − w + z − n, u
; 1
)
,

where it is assumed that u+ v + w − x− y − z + n = 1, (see [3, p. 140]). We have, in fact,

(2.8) 4F3

(
−n, n+ α+ 3

2 ,
α
2 + 7

4 , c+ 3
2

α
2 + 5

4 , c + 5
2 , α+ 2

; 1

)

=

(
α
2 − 1

4 − c
)
n
n!(

α
2

+ 5
4

)
n

(
c + 5

2

)
n

4F3

(
−n, −n + 1

2
, α

2
+ 1

4
, c+ 3

2

−n− α
2 + 5

4 + c, −n, α+ 2
; 1
)
> 0,

when c > −1/2, β > 1/2 and α > −1/2. In particular, when c = 0, the above inequality is
valid for α > 1/2. We have used the formula

(2.9) (−n +A)k = (−1)k
(1 − A)n

(1 − A)n−k
, 1 ≤ k ≤ n.

When β = 1/2, the 4F3 series of the first part of (2.8) reduces to a balanced 3F2 series
which can be summed by the Pfaff-Saalschütz formula, viz.,

3F2

(
−n, a, b

c, 1 + a+ b− c− n
; 1
)

=
(c − a)n (c− b)n
(c)n (c− a− b)n

(cf. [3, p. 69]). Using this and (2.9) we obtain

3F2

(
−n, n+ α+ 3

2 ,
α
2 + 7

4
α
2

+ 9
4
, α+ 2

; 1

)
=

(
1
2

)
n

(
α
2 + 1

4

)
n

(α+ 2)n
(
α
2

+ 9
4

)
n

> 0,

for α > −1/2 and the proof of (2.4) is now complete.
Next we shall show that inequality (1.3) holds for no other values of α and β than the

ones given in Theorem 1.1.
It follows from (2.1) that inequality (1.3) fails to hold for some x > 0 when α− β > 0.
We observe that inequality (1.3) is also equivalent to

(2.10)
∫ x

0

t−βJα(t) dt− x1−βJα(x) > 0.

When −1 < α ≤ β ≤ −1/2, we set x = jα, 2 in (2.10), where jα, 2 is the second positive
root of the Bessel function Jα(x). In this case we have

∫ jα, 2

0

t−βJα(t) dt < 0,
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see [4] and compare also the paper [5] in the case where α = β.

Since J− 1
2
(t) =

(
2
π t

) 1
2 cos t, in the case where α = β = −1/2, the left hand side of (2.10)

equals
(

2
π

) 1
2 (sinx− x cos x), which assumes negative values for appropriate x.

In the case where −1 < α < −1/2 and −1/2 < β < 0 there exists a unique solution β(α)
of the equation ∫ jα, 2

0

t−β(α)Jα(t) dt = 0

and the integral in (2.10) is positive for β(α) < β < α+1 but not for β < β(α). Also in this
case we have −1/2 < −1 − α < β(α) < 0 (see [4, p. 306]). In the cases where the integral
in (2.10) is positive we follow a different method in order to show that this inequality fails
to hold when α, β do not satisfy the conditions of Theorem 1.1.

For −1/2 < α ≤ β < 1/2, we study the asymptotic behavior of the left-hand side of
(2.10) as x→ ∞. Since

∫ ∞

0

t−βJα(t) dt =
Γ
(
α−β+1

2

)

2β Γ
(
α+β+1

2

) ,

(see [11, p. 391]) and

Jα(x) =
(

2
πx

)1
2

cos
(
x−

(
α+

1
2

)
π

2

)
+O(x−3/2), as x → ∞,

(cf. [3, p. 209]), we see that the left-hand side of (2.10) as x → ∞ is asymptotically equal
to

Γ
(
α−β+1

2

)

2β Γ
(
α+β+1

2

) −
(

2
π

)1
2

x
1
2−β cos

(
x−

(
α+

1
2

)
π

2

)
+O

(
1

xβ+ 1
2

)

which changes sign infinitely often for −1/2 < α ≤ β < 1/2.
In the same way it can be shown that (2.10) fails to hold for appropriate x when −1 <

α ≤ −1/2, 0 ≤ β < 1/2, β − α < 1. Also in the case where −1 < α < −1/2 and
β(α) ≤ β < 1/2, β − α < 1, because α+ 1 + β(α) > 0.

When α = −1/2 and −1/2 < β < 1/2 the above argument simplifies as follows. In this
case inequality (2.10) is equivalent to

(2.11)
∫ x

0

cos t
tβ+ 1

2
dt− x

1
2−β cosx > 0 .

For 0 < a < 1 we have
∫ ∞

0

cos t
ta

dt = Γ(1 − a) sin
π a

2
,

see for example [3, p. 50]. It is clear that inequality (2.11) cannot hold for x sufficiently
large when −1/2 < β < 1/2.

We conclude from the above that inequality (1.3) fails to hold for appropriate x when
β < 1/2. Finally, we observe that when α < −1/2 the convergence condition β < α + 1
forces β < 1/2. Therefore inequality (1.3) holds only when α, β satisfy the conditions of
Theorem 1.1.

The proof of Theorem 1.1 is complete.
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Remark 2.1. By observing that (1.2) is equivalent to

(2.12)
∫ x

0

sin t
ta

dt− x1−a sinx > 0

and that for 0 < a < 1 we have
∫ ∞

0

sin t
ta

dt = Γ(1 − a) cos
π a

2
,

(cf. [3, p. 50]), it can be easily verified that this inequality fails to hold for appropriate x
when 0 < a < 1. Evidently, the left hand side of (2.12) assumes negative values for some x
when a < 0.
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1 The Sturm Comparison Theorem

There are many formulations of the Sturm comparison theorem concerning solutions of the
second order linear differential equations. One of these which is very useful for applications
to the zeros of Bessel functions and classical orthogonal polynomials is the following due to
G. Szegö [27, p. 19].

Lemma 1.1 (Sturm comparison theorem in Szegö’s form). Let the functions y and
Y be nontrivial solutions of the differential equations

(1.1) y′′ + f(x) y = 0 , Y ′′ + F (x) Y = 0

and let them have consecutive zeros at x1, x2, . . . , xm and X1, X2, . . . , Xm, respectively, on
an interval (a, b). Suppose that f and F are continuous on (a, b), that

(1.2) f(x) < F (x) , a < x < xm

and that

(1.3) lim
x→a+

[y′(x) Y (x) − y(x) Y ′(x)] = 0.

Research supported by MIUR, Ministero dell’Istruzione, Universitá e Ricerca of Italy.
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Then

(1.4) Xk < xk , k = 1, 2, . . . ,m.

Remark 1.1. It has been pointed out in [2] that the condition (1.2) can be replaced by the
less restrictive

(1.5) f(x) < F (x) , a < x < Xm.

We shall need this condition to prove some monotonicity results and inequalities.

2 Zeros of Bessel Functions

The general Bessel (cylinder) function of order ν can be considered in the form

Cν(x;α) = Cν(x) = Jν(x) cosα− Yν(x) sinα, 0 ≤ α < π,

where Jν(x) and Yν(x) denote the Bessel functions of the first and second kind, respectively.
Here, α is independent of ν and x. We denote by cνk, jνk and yνk (k = 1, 2, . . .) the positive
zeros of Cν(x), Jν(x) and Yν(x), respectively. The corresponding zeros of the derivatives
d

dx
Cν(x),

d

dx
Jν(x) and

d

dx
Yν(x) are denoted by c′νk, j

′
νk and y′νk, respectively.

The definition of cνk, may be extended to negative values of ν in such a way that cνk
varies continuously with ν, cνk → 0 when ν → α

π
− k and on the interval

α

π
− k < ν <

α

π
− k + 1

cνk is the first positive zero of Cν(x) [27, pp. 508–509].
In [8] Elbert and Laforgia defined the function jνκ for all fixed κ > 0 as the solution

of the differential equation

(2.1)
d

dν
j = 2j

∫ ∞

0

K0 (2j sinh t) e−2νtdt

with the boundary condition

(2.2) lim
ν→−κ+0

jνκ = 0,

where K0(x) denotes the modified Bessel function of order zero.
For κ = 1, 2, . . . we have the zeros jνk of Jν(x). If k − 1 < κ < k we get cνk = jνκ,

with α = (k − κ)π. The uniqueness of the solutions of (2.1) for any initial value problem,
has been shown in [6]. This definition is very useful for investigating the properties of cνk.

There are several proofs that each jνk increases as ν increases, ν ≥ 0. One of these is due
to M.B. Porter and M. Bôcher [3] and is based on the Sturm comparison theorem. By (2.1)
we find immediately that the zeros jνκ of any cylinder function increase with ν, for ν > −κ.
Formula (2.1) is the main tool in the investigation of concavity (convexity) properties of jνκ,
with respect to ν ≥ 0. We observe that the study of the concavity (convexity) properties
of cνk (jνκ with our notation), was originated by the paper [25] by Putterman, Kac and
Uhlenbeck. They proposed a quantum mechanical explanation for the origin of the vortex
lines produced in superfluid Helium when its container is rotated. They conjectured that
for k = 1, 2, . . ., n = 1, 2, . . ., jn,k is concave with respect to n, while j2n,k is convex.

J.T. Lewis and M.E. Muldoon [19] have established some monotonicity results using
the Hellmann-Feynmann theorem of quantum chemistry. In [4] Á. Elbert proved that the
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functions jν,1, jν,2, . . . are concave not only for ν = 1, 2, . . ., but on the whole domain of
existence. This result was extended by M.E. Muldoon and A. Laforgia [17] to jνκ. Precisely

they proved that jνκ is concave for κ ≥ 1
2

as a function of ν ≥ 0. The question aries
naturally whether the concavity of jνκ holds for every κ > 0. The answer is in the negative.
Indeed Elbert and Laforgia [7] proved that for sufficiently small κ the function jνκ is convex

at least on ν ≥ 1
2
. In the proof of concavity of jνk, ν > 0, the following result on the

monotonicity of
jνk
ν

was essential. The proof, due to Makai [23], is based on the Sturm
theorem.

Theorem 2.1. For k = 1, 2, . . . and ν > 0 let jνk denote the k-th zero of the Bessel function
Jν(x) of the first kind. Then

jνk
ν

decreases as ν increases, ν > 0, k = 1, 2, . . ..

Proof. We use the fact that the function

yν(x) = x1/2 Jν

(
jνk x

1/(2ν)
)

satisfies
y′′ν + pν(x) yν = 0,

where

pν(x) =
{
jνk
2ν

x
1
2ν −1

}2

.

This follows from the differential equation [30]

x2 y′′ + x y′ +
(
x2 − ν2

)
y = 0

by suitable changes of variables.
Now suppose that for some µ and ν, with 0 < µ < ν, we have

(2.3)
jµk
µ

≤ jνk
ν
.

The functions yµ(x) and yν(x) both vanish at x = 0 and both have their k-th positive
zero at x = 1. Moreover, they satisfy the condition (1.3) of the Sturm theorem and by (2.3)
pµ(x) < pν(x), 0 < x < 1. Thus an application of the Sturm comparison theorem shows
that the k-th zero of yν(x) occurs before the k-th zero of yµ(x). This contradiction shows
that (2.3) cannot hold and so jνk/ν decreases as ν increases, 0 < ν < ∞.

Remark 2.1. The reader should observe that Makai used the Sturm theorem not in the
usual way, but in an indirect way. In the proof of Theorem 2.1 we know that the k-th zero
is exactly at x = 1 and we use this fact to prove that the function is monotonic. This is the
only indirect application of the Sturm theorem that we know of.

Remark 2.2. The most obvious direct approach of scaling the independent variable, i.e.
considering the equation

y′′ +
[
ν2 +

(
1
4
− ν2

)
x−2

]
y = 0

satisfied by x1/2 Jν(νx) is ineffective here, since the Sturm theorem cannot be applied.
Nevertheless the idea of scaling is sometimes useful. The first author used the idea of scaling
to show that λ x

(λ)
nk increases with λ, 0 < λ < 1, k = 1, 2, . . . ,

[
n
2

]
, where x

(λ)
nk denotes

the k-th positive zero of the ultraspherical polynomial.
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The second application of Sturm theorem that we now present is concerned with a
determinantal inequality whose elements are the zeros of cylinder functions. L. Lorch proved
the determinantal inequality

(2.4)
∣∣∣∣

cνk cν,k+1

cν,k+1 cν,k+2

∣∣∣∣ < 0 for ν ≥ 0, k = 1, 2, . . . .

It is possible to obtain a more general result using only the Sturm comparison theorem.
This is as follows.

Theorem 2.2. For ν ≥ 0, k = 1, 2, . . . and m = 1, 2, . . . let aνm and bνk be the zeros
of the cylinder functions Cν(x) and Zν(x), respectively. Suppose that for some ε ≥ 0
and for some k and m, bν+ε,k < aνm. Then

(2.5)
∣∣∣∣
bν+ε,k bν+ε,k+1

aνm aν,m+1

∣∣∣∣ < 0.

Proof. The functions Cν(ex) and Zν(ex) are the solutions of the differential equation

(2.6) y′′ + p (x; ν) y = 0,

where
p (x; ν) = e2x − ν2.

Let
h = logaνm − log bν+ε,k > 0.

It is immediate to see that

p (x− h, ν + ε) < p (x, ν) , ε ≥ 0, h > 0, ν ≥ 0

and that Zν+ε(x− h) is a solution of

(2.7) z′′ + p (x− h, ν + ε) z = 0.

Both the functions Cν (ex) and Zν+ε (x− h) are zero at x = log aνm = log bν+ε,k+h.
Thus we can apply the Sturm comparison theorem. Its application to equations (2.6) and
(2.7) shows that log aν,m+1 < log bν+ε,k+1 + h and recalling the value of h, we get

aν,m+1

aνm
<
bν+ε,k+1

bν+ε,k

which is equivalent to (2.5). The proof is complete.

Remark 2.3. We observe that in the proof of Theorem 2.2 it is not necessary to specify if
the functions Cν (ex) and Zν (x) are linearly independent or not.

Remark 2.4. By (2.5) we can deduce some interesting particular cases. For example with
ε = 0, aνk = cνk, bνm = cνm, m = k + 1, the restriction bν+ε,k < aνm becomes
cνk < cν,k+1 which is clearly true. In this case by (2.5) we find

cν,k+2

cν,k+1
<
cν,k+1

cνk
k = 1, 2, . . . , ν ≥ 0

which is the Lorch’s inequalities (2.4).
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A more general result has been established by Á. Elbert and A. Laforgia in [6]. Specifi-
cally, using the notation jνκ introduced above to denote the zeros of the cylinder function,
they proved the following theorem.

Theorem 2.3. For ε, δ, h, r ≥ 0, let T be the determinant defined by

T =
∣∣∣∣

jνκ jν+δ,κ+h
jν+ε,κ+r jν+δ+ε,κ+h+r

∣∣∣∣ .

If ε+ r > 0 and h+ δ > 0, then T < 0.

We shall not give the proof of this theorem. We say only that this is not based on the
Sturm theorem, but on the integral formula (2.1). By (2.1) it is possible to derive several
monotonicity, concavity (convexity) properties and as a consequence of these, Theorem 2.3.
We mention here just one of these results.

Theorem 2.4. The function jνκ is concave with respect to κ if ν ≥ 1
2

and convex if
0 ≤ ν ≤ 1

2 .

We conclude this section with the following remark. The determinants considered in this
section are called Turánians. In fact P. Turán proved the inequality

∣∣∣∣
Pn(x) Pn+1(x)
Pn+1(x) Pn+2(x)

∣∣∣∣ ≤ 0, −1 ≤ x ≤ 1, ,

where Pn(x) denotes the Legendre polynomial of degree n and where equality holds if and
only if x = ±1. Similar properties have been proved by many authors, for many other
special functions. Thus, Karlin and Szegö named these inequalities Turánians.

3 A General Consequence of the Sturm Comparison Theorem

In this section we are concerned with some monotonicity properties, with respect to n, of
quantities of the type

(3.1) xn,k+1 − xnk

where xnk is the k-th zero of particular solutions of linear second order differential equations.
The main applications are to the zeros of classical orthogonal polynomials. In [2] the reader
can find several applications of Theorem 3.1, to the zeros of Jacobi polynomials.

Theorem 3.1. Let the hypotheses of the Sturm comparison theorem hold and let f in
(1.1) be non-increasing on a < x < xm. Then

Xk+1 −Xk < xk+1 − xk k = 1, 2, . . . ,m− 1.

Proof. The function y(x + δ) satisfies the equation

y′′ + f(x + δ) y = 0, a− δ < x < xm − δ

and its zeros occur at x1 − δ, x2 − δ, . . . , xm − δ. For a fixed k = 1, 2, . . .,m − 1 we
choose δ = xk −Xk and observe that δ > 0 on account of the Sturm theorem. Thus the
k-th zero of Y (x) coincides with the k-th zero of y(x + δ). Moreover,

f(x + δ) ≤ f(x) < F (x), 0 < x < xm − δ

and by the Sturm theorem applied on the interval (Xk, xk+1 − δ), the next larger zero of
Yν(x) occurs before the next larger zero of y(x + δ), that is

xk+1 − δ > Xk+1, δ = xk −Xk

leading to the desired result.
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Remark 3.1. In the theorem the hypothesis that f be non-increasing may be replaced by
the hypothesis that F be non-increasing, on a < x < xm. In this case we get

f(x + δ) < F (x+ δ) ≤ F (x), a < x < xm − δ

and the conclusion of Theorem 3.1, follows as above.

4 Zeros of Kiν(x)

It is known that for real x the function Kµ(x) has no zeros if µ is real or complex. But,
when µ is a pure imaginary number, i.e. µ = i ν, the function Kµ(x) vanishes at +∞
and has infinitely many positive zeros whose only point of accumulation is x = 0, (see [10]
and [11] for further information). These zeros occur in certain physical problems such as in
the determination of the bound states for an inverse square potential with hard core in the
Schrödinger equation.

For k = 1, 2, . . . we denote by xk(ν) the positive zeros of the modified Bessel function
Kiν(x) in decreasing order:

x1(ν) > x2(ν) > · · · > xn(ν) > xn+1(ν) > · · · > 0

and prove the following result, [14].

Theorem 4.1. For ν > 0 let xk(ν) be the k-th positive zero of the modified Bessel function
Kiν(x) of purely imaginary order. Then

xk−1(ν) − xk(ν) < xk−2(ν) − xk−1(ν).

Proof. We consider the differential equation

y′′ + P (x; ν) y = 0,

where

P (x; ν) = −1 +
1
4

+ ν2

x2
,

satisfied by yν(x) = x1/2 Kiν(x), [1, p. 377], and the equation

z′′ + P (x− h; ν) z = 0,

where h = xk−1(ν) − xk(ν), satisfied by yν(x − h). It is immediate to check that
P (x; ν) < P (x− h; ν) and that yν(x) and yν(x− h) both are zero at xk−1(ν). Thus an
application of the Sturm theorem gives that the next zero xk−1(ν) of yν(x − h) occurs
before the next zero xk−2(ν) of yν(x). Recalling the value of h, this shows that

xk−1(ν) − xk(ν) < xk−2(ν) − xk−1(ν).

The proof of Theorem 4.1 is complete.
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1 Introduction

This paper is devoted to the Euler’s Gamma function of a real positive argument:

(1.1) Γ(x) =
∫ +∞

0

e−ttx−1dt, x > 0.

The importance of this function, which is classified as being transcendentally transcen-
dental (Otto Hölder [13], Lee Rubel [33]) is enormous. It appears in almost every branch of
Mathematics, and it is considered as an almost elementary function. Every mathematical or
engineering software and even advanced calculators have a routine for calculation of Γ(x).

The Gamma function first appeared in a letter of Leonard Euler to Goldbach in 1729,
in the form of an infinite product:

(1.2) xΓ(x) =
+∞∏

k=1

k1−x(k + 1)x

x+ k
.
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In this paper we give a survey of tools and techniques which can be used to produce inequal-
ities for the Gamma function. We also present some examples of inequalities and asymptotic
expansions.

By a famous theorem due to Bohr and Mollerup [3] and popularized by Emil Artin in
his no less famous monograph [2] of 1931, Euler’s gamma function is the unique solution
to the functional equation f(x + 1) = xf(x), under the condition that log f is convex on
(0,+∞). Hence, the logarithmic convexity is an essential property of the gamma function,
and this property is shared by many of its generalizations in various directions. In spite of
this well known fact, there is a wide spectrum of techniques and methods that have been
used in the literature for producing inequalities, chiefly of the following types:

• Inequalities for the ratio Q(x, β) =
Γ(x+ β)

Γ(x)
(Gautschi type)

• Inequalities for the ratio T (x, y) =
Γ(x)Γ(y)

Γ2((x+ y)/2)
(Gurland type)

The names are after W. Gautschi [9] and J. Gurland [10]. Gautschi type could as well
be named after J. Wendel [38].

Most of the well known inequalities for the gamma and digamma functions can be derived
and improved by means of logarithmic convexity, or related properties. Using convexity, we
can also produce asymptotic expansions, expressed in terms of infinitely sharp inequali-
ties. Our method is founded on certain general convexity results, as well as on integral
representations of error terms in some classical and related inequalities, which will also be
discussed.

Let us introduce two useful transformations; I call them a β-transform and a πn-
transform.

1.1 β-transform for Gautschi Type

This transform has been known since Shanbhag [35]. The inequality

(1.3) A(x, β) ≤ Γ(x+ β)
Γ(x)

implies, replacing x by x+ β and β by 1 − β,

A(x+ β, 1 − β) ≤ Γ(x+ 1)
Γ(x+ β)

,

and therefore

(1.4)
Γ(x+ β)

Γ(x)
≤ x

A(x + β, 1− β)
,

so, only the lower bound (1.3) is enough, or vice versa. We say that the inequality (1.4) is
derived from (1.3) by a β-transform.

Two successive applications of the β-transform do not return the original bound; instead,
it is equivalent to replacing x with x + 1 and applying the recurrence Γ(x + 1) = xΓ(x).
This leads us to another useful transform.
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1.2 πn-transform

This transform works for inequalities of both Gautcshi and Gurland type. It was firstly
applied by B.R. Rao [30].

Let, for n ≥ 1

Π(x, β, n) =
x(x+ 1) · · · (x+ n− 1)

(x+ β)(x + β + 1) · · · (x+ β + n− 1)
.

Start from the inequality of Gautschi type

(1.5)
Γ(x+ β)

Γ(x)
≤ B(x, β),

write it for x+ n and β and then apply the recurrence relation for the Gamma function, to
obtain

(1.6)
Γ(x+ β)

Γ(x)
≤ B(x + n, β)Π(x, β, n).

Similarly, for an inequality of Gurland type

(1.7)
Γ(x)Γ(y)

Γ2((x + y)/2)
≤ B(x, y)

one obtains

(1.8)
Γ(x)Γ(y)

Γ2((x + y)/2)
≤ B(x + n, y + n)ρ(x, y, n),

where

(1.9) ρ(x, y, n) =
(x+ y)2(x+ y + 2)2 · · · (x+ y + 2n− 2)2

22nx(x+ 1) · · · (x+ n− 1)y(y + 1) · · · (y + n− 1)
.

It turns out that a π-transform sharpens inequalities; the reason will be obvious later.
Note that a β-transform can be thought of as a ”square root” of π1 transform.
We proceed with a survey of basic tools: convexity, logarithmic convexity, Schur-convexity

and complete monotonicity.

2 Convexity

We begin with a survey of basic facts about convex functions. Throughout the text, I will
denote an arbitrary real interval and Ī its closure.

A function f is convex on an interval I if

(2.1) f(λx+ (1 − λ)y) ≤ λf(x) + (1 − λ)f(y)

for all x, y ∈ I and all λ ∈ [0, 1]. If the inequality in (2.1) is strict for all λ ∈ (0, 1), then we
say that f is strictly convex on I.

This definition can be easily extended to functions of more than one variable, if I is
understood to be an arbitrary convex set, i.e., a set that together with x and y contains all
points λx+ (1 − λ)y for λ ∈ (0, 1).

Inequality (2.1) is known as Jensen’s inequality.
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There are several equivalent forms of (2.1). For example, a function f is convex on I if
and only if

(2.2)
f(x) − f(x1)

x− x1
≤ f(x2) − f(x)

x2 − x

for all x1 < x < x2 in I [28, proof of Theorem 2 in 1.4.4]. Further, f is convex on I if and
only if

(2.3)
f(y1) − f(x1)

y1 − x1
≤ f(y2) − f(x2)

y2 − x2

whenever x1 < y1 ≤ y2 and x1 ≤ x2 < y2 [21, 16B.3.a]. This condition means that the ratio
(f(v) − f(u))/(v − u) is increasing if the interval [u, v] is being stretched to the right. It is
sufficient to consider only a particular case y1 − x1 = y2 − x2 [21, 16B.3.a], i.e., a function
f is convex on I if and only if

(2.4) f(x + h) − f(x) ≤ f(y + h) − f(y)

for all x < y in I and h ≥ 0, such that x+ h, y + h ∈ I. Even a further special case where
y = x+ h is enough [21, 16B.3.a]: A function f is convex on I if and only if

(2.5) f(x+ 2h) − 2f(x+ h) + f(x) ≥ 0

whenever x, x+ h ∈ I and h > 0.
If a function f is convex on Ī, then it is continuous on Ī and there exist left and right

derivatives in each point x ∈ I. Moreover, f ′−(x) ≤ f ′+(x) for each x ∈ I [28, Theorem 1. in
1.4.4].

If a function f is differentiable on I, then from (2.4) it can be easily deduced that f
is convex on I if and only if its derivative is an increasing function on I. If f is twice
differentiable, then it is convex on I if and only if f ′′(x) > 0 on I.

If a function f satisfies

(2.6) f

(
x+ y

2

)
≤ f(x) + f(y)

2

for all x, y ∈ I, we say that f is J-convex (or convex in the sense of Jensen) on I [28]. A
J-convex function on Ī need not be continuous, but if it is, then it must be convex in the
sense of definition (2.1) [28]. Therefore, a continuous function f is convex on I if and only
if (2.6) holds.

A function f is said to be concave on I if −f is convex on I. The above formulas remain
valid for a concave function f upon replacing ≤ with ≥.

Sometimes it is convenient to consider functions that may take values ±∞ at some points
of I. Then we apply the usual conventions, in particular 0 · ±∞ = 0. Each finite valued
function f , convex on I ⊂ R can be extended to a function f̂ , convex on R by

f̂ (x) = f(x) if x ∈ I, f̂ (x) = +∞ otherwise.

By [29, p.39] or [31, p.15], a continuous function g is convex on I if and only if

1
y − x

∫ y

x

g(t)dt ≤ g(x) + g(y)
2

.

For a further study of convex functions see [31, 32, 36].
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3 Logarithmic Convexity

A function f is said to be logarithmically convex (or log-convex) on I if f(x) ≥ 0 for x ∈ I
and the function x 7→ log f(x) is convex on I. Here we apply the convention log0 = −∞.

Using the necessary and sufficient conditions for convexity given in the Introduction, it
is easy to write the corresponding conditions for log-convexity. In particular, from (2.1) and
(2.4) it follows that a nonnegative function f is log-convex if and only if

(3.1) f(λx+ (1 − λ)y) ≤ (f(x))λ(f(y))1−λ, x, y ∈ I, λ ∈ [0, 1],

and if and only if

(3.2) f(x + h)f(y) ≤ f(x)f(y + h), x < y, x, y, x+ h, y + h ∈ I, h ≥ 0.

A nonnegative continuous function f is log-convex on I if and only if

(3.3) f

(
x+ y

2

)
≤
√
f(x)f(y)

for each x, y ∈ I.
A positive twice differentiable function f is log-convex on I if and only if

(3.4) f ′′(x)f(x) − f ′(x)2 ≥ 0

for all x ∈ I.
A function f is said to be log-concave on I if f(x) ≥ 0 for all x ∈ I and if the function

x 7→ log f(x) is concave on I. Clearly, f is log-concave on I if and only if 1/f is log-convex
on I.

If f is log-convex on I, it is convex on I. If f is nonnegative and concave on I, it is log-
concave on I. These assertions follow upon noticing that t 7→ ex is an increasing convex and
t 7→ log t is an increasing concave function. Therefore, log-convexity is a stronger property
of plain convexity and log-concavity is a weaker property than concavity. To illustrate the
point, note that the function x 7→ e−x

2
is strictly convex and log-concave on (1/

√
2,+∞).

Since a sum of convex (concave) functions is also convex (concave), it follows that a
product of log-convex (log-concave) functions on I is also a log-convex (log-concave) function
on I.

If f1, f2 are log-convex functions on I, then their sum f1+f2 is also a log-convex function
[2]. By induction, it can be proved that the class of log-convex functions is closed under
finite sums; by an extension to integrals one concludes that the function

F (x) =
∫ b

a

g(x, t)dt

is a log-convex function on x ∈ I if for each fixed t ∈ (a, b) the function x 7→ g(x, t) is
log-convex on I. As a classical example, one can show that the Gamma function

Γ(x) =
∫ +∞

0

e−ttx−1dt

is log-convex on (0,+∞).
However, this property does not hold for log-concave functions. Indeed, the sum of two

log-concave functions may not be log-concave. This lack of additivity often makes proofs of
log-concavity much more involved.

Many frequently encountered probability distribution functions are log-concave on their
domain. For a survey see [26].
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4 Schur Convexity

Given two vectors of dimension n, x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn), we say that
x is majorized by y if

k∑

i=1

x[i] ≤
k∑

i=1

y[i] for k = 1, 2, . . . , n− 1 and
n∑

i=1

xi =
n∑

i=1

yi,

where (x[1], x[2], . . . , x[n]) is a decreasing rearrangement of coordinates of x. If x is majorized
by y, we write x ≺ y. For example,

(x̄, x̄, . . . , x̄) ≺ (x1, x2, . . . , xn), where x̄ = (x1 + · · ·+ xn)/n.

The notation and terminology was introduced in [11]. The theory and applications of
the concept of majorization is studied in [21].

A function f of n variables is said to be Schur-convex on A ⊂ Rn if

(4.1) x ≺ y =⇒ f(x) ≤ f(y) for each x, y ∈ A.

A function f is said to be Schur-concave on A ⊂ Rn if

(4.2) x ≺ y =⇒ f(x) ≥ f(y) for each x, y ∈ A.

Note that the term ”convex” apparently has not much in common with the usual notion
of convexity. The name was introduced by Schur [34], as opposed to convexity in the sense of
Jensen. There are, however, many results showing a connection between these two notions.

Suppose that y is a permutation of x. Then x ≺ y and also y ≺ x and if f is Schur-convex
then f(x) ≤ f(y) and f(y) ≤ f(x), i.e. f(x) = f(y). Therefore, only symmetric functions
(invariant to permutations) may be Schur-convex or Schur-concave.

If x ≺ y implies f(x) < f(y) whenever x, y ∈ A and x is not a permutation of y, we say
that f is a strictly Schur-convex function. Strict Schur-concavity is defined analogously.

In case n = 2, there is a simple interpretation of Schur-convexity. Let u = (u1, u2),
v = (v1, v2) and suppose that u1 ≥ u2 and v1 ≥ v2. Then u ≺ v means, by the definition,

u1 ≤ v1, u1 + u2 = v1 + v2,

which may be possible if and only if

v1 = u1 + ε, v2 = u2 − ε for some ε ≥ 0.

Therefore, a function f(x, y) is Schur-convex on A if and only if

(4.3) f(x, y) ≤ f(x− ε, y + ε)

for every ε ≥ 0 and x ≤ y, where x, y, x− ε, x+ ε ∈ A. In words, f(x, y) increases when the
interval [x, y] expands by equal amounts at both ends.

In general, let A ⊂ Rn be a convex and symmetric set (that is, it contains every chord
connecting its two points and if it contains a point x, then it contains every y whose coor-
dinates are a permutation of coordinates of x), with a nonempty interior. Then [21, 3.A.4]
a continuously differentiable function f of n variables is Schur-convex on A if and only if it
is symmetric and

(4.4) (xi − xj)
(
∂f(x)
∂xi

−
∂f(x)
∂xj

)
≥ 0 for all x ∈ A.
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Most often A = In, where I is an interval.
If a function g is convex on a real interval I, then [21, 3.C.1] the function

f(x) =
n∑

i=1

g(xi)

is Schur-convex on In. For example, the function

f(x1, . . . , xn) =
n∑

i=1

x2
i

is Schur-convex on Rn. Moreover, the inequality

n∑

i=1

g(xi) ≤
n∑

i=1

g(yi)

holds for all continuous convex functions g : R 7→ R if and only if x ≺ y. This result was
obtained in [34] and is related to the much cited works of Tomić [37] and Weyl [39]; see also
[21].

Let g be a continuous nonnegative function defined on an interval I ⊂ R. Then

f(x) =
n∏

i=1

g(xi), x ∈ In

is Schur-convex (strictly Schur-convex, Schur-concave, strictly Schur-concave) on In if and
only if g is log-convex (strictly log-convex, log-concave, strictly log-concave) on I. For n = 2
it can be easily seen by comparing (4.3) for f(x, y) = g(x)g(y) and the condition (3.2) for
the function g.

In Section 7 it will be shown that the function

F (x, y) =
logΓ(y) − log Γ(x)

y − x
, F (x, x) = (logΓ(x))′

is Schur-concave on R2.

5 Complete Monotonicity

A function f on (0,+∞) is completely monotone if it has derivatives of all orders and

(−1)kf (k)(t) ≥ 0, t ∈ (0,+∞), k = 0, 1, 2, . . .

In particular, this implies f ≥ 0, f ′ ≤ 0, f ′′ ≥ 0 and hence by (3.4), each completely
monotone function on (0,+∞) is convex.

The function f is completely monotone on (0,+∞) if and only if [42]

f(x) =
∫ +∞

0

e−xtdµ(t),

where µ(t) is nondecreasing and the integral converges for 0 < x < +∞.
The following result is proved in [14]: If t 7→ f(t) is completely monotone on I = (0,+∞),

if g(I) ⊂ I and if x 7→ g′(x) is completely monotone on I, then x 7→ f(g(x)) is completely
monotone on I.
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In [8], a connection between complete monotonicity and majorization in the sense of
Section 2 is discovered: Let α and β be vectors of dimension r with integer coordinates, and
let f be completely monotone on (0,+∞). If β ≺ α, then for all x ≥ 0

(−1)α1f (α1)(x)(−1)α2f (α2)(x) · · · (−1)αrf (αr)(x)

≥ (−1)β1f (β1)(x)(−1)β2f (β2)(x) · · · (−1)βrf (βr)(x).

By letting here α = (0, 2) and β = (1, 1), we discover that every completely monotone
function on (0,+∞) is log-convex.

As an example related to the Gamma function, let us examine the Digamma function

Ψ(x) = (log Γ(x))′.

The explicit expression for the second derivative of log Γ reads [1]:

Ψ′(x) = (log Γ(x))′′ =
+∞∑

k=0

1
(x+ k)2

, x ∈ R \ {0,−1,−2, . . .}

and therefore

(5.1) Ψ(n)(x) = (−1)n+1n!
+∞∑

k=0

1
(x + k)n+1

.

From (5.1) it follows that the function ψ′ is completely monotone on (0,+∞). Several
monotonicity results for functions related to the Gamma function are given in [14].

6 Characterizations of the Gamma Function and Krull’s Theory

The best known characterization of the Gamma function in terms of a functional equation,
is due to Bohr and Mollerup:

Theorem 6.1 (Bohr-Mollerup ([3, 1922])). If a function G is defined on (0,+∞), and
satisfies:

(1) G(x+ 1) = xG(x), for all x > 0;

(2) G(x) is log-convex;

(3) G(1) = 1,

then G(x) ≡ Γ(x) for x > 0.

A parallel characterization of the Digamma function Ψ(x) = (logΓ(x))′ is given in the
next theorem.

Theorem 6.2 (Kairies ([15])). If g is defined on (0,+∞) and

(1) g(x+ 1) − g(x) = 1/x;

(2) g(x) is concave on (0,+∞);

(3) g(1) = −γ ,

then g(x) ≡ Ψ(x) for x > 0.
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Krull ([18], see also [19]) investigates the functional equation

(6.1) f(x + 1) − f(x) = g(x), x ≥ a,

where f is an unknown function and g is given, such that

g is either convex or concave, or:(6.2)

g is the sum of a convex and a concave function, for x ≥ a

and

(6.3) lim
x→+∞

(
g(x + 1) − g(x)

)
= 0.

By refining and complementing Krull’s work, Bohr-Mollerup’s theorem can be obtained
as a special case.

Theorem 6.3. Suppose that the equation (6.1) has a solution f that satisfies condition

(6.4) lim
x→+∞

(
f(x + h2) − f(x)

h2
− f(x) − f(x − h1)

h1

)
= 0, h1, h2 < δ

(without any other assumptions). Then all solutions that satisfy the condition (6.4) are of
the form f + C, where C is an arbitrary constant.

Proof. Suppose that f1 is another solution of (6.1) that satisfies condition (6.4) and let
ρ(x) = f1(x)− f(x). Then ρ also satisfies the condition (6.4) and ρ(x+ 1) = ρ(x) for x ≥ a.
Further, we have that

ρ(x0 + h2) − ρ(x0)
h2

− ρ(x0) − ρ(x0 − h1)
h1

=
ρ(x0 + n+ h2) − ρ(x0 + n)

h2
− ρ(x0 + n) − ρ(x0 + n− h1)

h1
→ 0

as n→ +∞, and we conclude that

ρ(x0 + h2) − ρ(x0)
h2

− ρ(x0) − ρ(x0 − h1)
h1

= 0

for any h1, h2 as specified above. Then by Section 2, we find that ρ is both convex and
concave, and hence ρ(x) is an affine function in a neighborhood of x0; since x0 is arbitrary,
it follows that ρ(x) is affine for x > a, and since ρ is periodic, it must be a constant.

Corollary 6.4. If a function f is defined on (0,+∞) and

(1) f(x + 1) − f(x) = logx;

(2) lim
x→+∞

f ′′(x) = 0;

(3) f(1) = 0,

then f(x) ≡ log Γ(x) for x > 0.

Proof. It is easy to show that condition (6.4) is implied by the condition that f ′′(x) → 0 as
x→ +∞. The rest follows from Theorem 6.3.
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7 Equivalent Conditions for Convexity
of a Derivative

Theorem 7.1 (M. Merkle [24]). Let f be defined on an interval I, with a continuous
derivative f ′. Define

(7.1) F (x, y) =
f(y) − f(x)

y − x
(x 6= y), F (x, x) = f ′(x).

Then the following are equivalent:

(A) f ′ is convex on I.

(B) f ′
(
x+ y

2

)
≤ F (x, y) for all x, y ∈ I,

(C) F (x, y) ≤ f ′(x) + f ′(y)
2

for all x, y ∈ I,

(D) F is convex on I2,

(E) F is Schur-convex on I2.

Also the following are equivalent:

(A′) f ′ is concave on I.

(B′) f ′
(
x+ y

2

)
≥ F (x, y) for all x, y ∈ I,

(C′) F (x, y) ≥ f ′(x) + f ′(y)
2

for all x, y ∈ I,

(D′) F is concave on I2,

(E′) F is Schur-concave on I2.

From the above result, among other things, we may get another characterization of the
Gamma function, as in the following theorem.

Theorem 7.2. Suppose that f is a continuously differentiable real function defined on
(0,+∞). If any of the conditions (A′) − (E′) is satisfied with f on (0,+∞) and

f(x + 1) − f(x) = logx (x > 0),

then f(x) = log Γ(x) + C, where C is an arbitrary real constant.

8 Some Inequalities

From the expression (5.1) of Section 5, it follows that Ψ is concave for x > 0 and therefore,
conditions (A′) − (E′) of the previous section hold with f = log Γ on I = (0,+∞). In this
and the next section we investigate some consequences of this fact.

8.1 From (B′) and (C ′) it follows that

(8.1)
1
2
(Ψ(x) + Ψ(y)) ≤ logΓ(y) − log Γ(x)

y − x
≤ Ψ

(
x+ y

2

)
.
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Letting y = x+ β, β > 0, we get

(8.2) exp
(
β

Ψ(x) + Ψ(x+ β)
2

)
≤ Q(x, β) ≤ exp(βΨ(x+ β/2)).

The upper bound in (8.2) was also obtained in [17] by other means. In [27] we showed
that the lower bound in (8.2) is closer than a lower bound in [17].

8.2 Since
(x, x+ 1 + β) = (1 − β)(x, x+ 1) + β(x, x+ 2),

(D′) yields

F (x, x+ 1 + β) ≥ (1 − β)F (x, x+ 1) + βF (x, x+ 2) x > 0, β ∈ [0, 1].

After an application of the recurrence relation Γ(z + 1) = zΓ(z) we get

(8.3) Q(x, β) ≥ x(1+β)(2−β)/2(x+ 1)β(1+β)/2

x+ β
.

Note the equality in (8.3) for β = 0 and β = 1.

8.3 From
(x, x+ β) = (1 − β)(x, x) + β(x, x+ 1)

and applying (D′) we obtain

(8.4) Q(x, β) ≥ xβ
2
exp (β(1 − β)Ψ(x)) , x > 0, β ∈ [0, 1].

Using the concavity of Ψ and inequality (8.7) below, it can be proved that this bound is
closer than the lower bound in (8.2).

8.4 In a similar way, starting from

(x+ β, x+ β) = (1 − β)(x+ β, x) + β(x+ β, x+ 1)

and applying (D′), we get

(8.5) Q(x, β) ≤ x−β
2/(1−2β) exp

(
β(1 − β)
1 − 2β

Ψ(x+ β)
)
, x > 0, β < 1/2.

8.5 The condition (E′) implies

log Γ(y) − logΓ(x)
y − x

≥ logΓ(y + ε) − log Γ(x− ε)
y − x+ 2ε

for 0 < x < y and 0 < ε < x. In particular, replacing x by x+ β and letting y = x+ 2β and
ε = β, we obtain

(8.6)
Γ(x+ 3β)

Γ(x)
≤
(

Γ(x+ 2β)
Γ(x+ β)

)2

, x > 0, β > 0.

8.6 Let us now derive some bounds for the function Ψ. Letting y = x+ 1 in (8.1), we get

Ψ(x) +
1
2x

≤ logx ≤ Ψ
(
x+

1
2

)
,

where from it follows

(8.7) log
(
x− 1

2

)
≤ Ψ(x) ≤ logx− 1

2x
, x > 0.
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9 ”Error Terms” in Inequalities

In [23], we obtained the following integral representation related to Jensen’s inequality:

Theorem 9.1. Let f be a twice continuously differentiable function on an interval I. Then
for all λ ∈ [0, 1] and all (x, y) ∈ I2 we have

λf(x) + (1 − λ)f(y) − f(λx+ (1 − λ)y) = (y − x)2
∫ 1

0

K0(λ, t)f ′′((1 − t)x+ ty)dt ,

where
K0(λ, t) = λtI[0,1−λ](t) + (1 − λ)(1 − t)I[1−λ,1](t),

Since the kernel K0 is positive, this representation yields three important tools, that are
expressed in following corollaries.

Corollary 9.2. If 0 < f ′′1 < f ′′2 on (x, y) then Jensen’s inequality obtained with f1 is sharper
than the one with f2.

Corollary 9.3. If 0 < f ′′(x) → 0 as x → +∞, then Jensen’s inequality becomes infinitely
sharp as x→ +∞.

Corollary 9.4. Let {fn} be a sequence of twice continuously differentiable functions defined
on an interval I and suppose that limn→+∞ f ′′n (x) = 0 for all x ∈ I. Then

lim
n→+∞

(λfn(x) + (1 − λ)fn(y) − fn(λx+ (1 − λ)y)) = 0

for all x, y ∈ I and λ ∈ R such that λx+ (1 − λ)y ∈ I.

Corollary 9.2 enables comparison of inequalities that are derived from convexity, whereas
Corollary 9.3 gives a way of producing asymptotically infinitely sharp inequalites, as we will
demonstrate in the next section. Corollary 9.4 also provides asymptotic expansions, but
without additional information of the sign of the error. Results analogous to Theorem 9.1,
for remainders of expressions in (A) − (E), and (A′) − (E′) of Section 7, can be found in
[23], in terms of the magnitude of f ′′′.

10 Back to Krull’s Theory

If an and bn are two sequences, let an≤
∼bn stand for

an ≤ bn for all n and lim
n→+∞

(an − bn) = 0.

The notation an≥
∼bn is equivalent to bn≤

∼an.
Let f be a convex solution of Krull’s equation (6.1) on x ≥ a and suppose that f ′′(x) → 0

as x→ +∞.
Starting from

x+ β = (1 − β)x+ β(x+ 1), x ≥ a, β ∈ [0, 1]

and applying Jensen’s inequality, we get

f(x + β) ≤ (1 − β)f(x) + βf(x + 1)(10.1)
= (1 − β)f(x) + β(g(x) + f(x))
= f(x) + βg(x)
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Replacing x with x+ n, we get an inequality which, by Corollary 9.3, becomes infinitely
sharp as n → +∞, i.e.,

(10.2) f(x + n+ β) − f(x + n)≤∼βg(x+ n).

However, since f satisfies (6.1), then

f(x + n) = f(x) +
n−1∑

k=0

g(x + k)

and (10.2) becomes

(10.3) f(x + β) − f(x)≤∼

n−1∑

k=0

(
g(x+ k) − g(x+ k + β)

)
+ βg(x + n).

In the same way, starting from

x = β(x− 1 + β) + (1 − β)(x+ β), x ≥ a+ 1 − β, β ∈ [0, 1]

we obtain

(10.4) f(x+ β) ≥ f(x) + βg(x − 1 + β)

and further

(10.5) f(x + β) − f(x)≥∼

n−1∑

k=0

(
g(x+ k) − g(x+ k + β)

)
+ βg(x+ n − 1 + β).

The pair of expressions (10.3) – (10.5) give sharp bounds for the difference f(x+β)−f(x)
when β ∈ [0, 1] and for a large n. By Corollary 9.4, the asymptotics (with no knowledge of
the sign of the error) holds regardless of convexity of f and for all meaningful β. For instance,
the following version of (10.3) holds for any twice continuously differentiable solution of (6.1)
with limx→+∞ f ′′(x) = 0

f(x + β) − f(x) = lim
n→+∞

(
n−1∑

k=0

(
g(x + k) − g(x+ k + β)

)
+ βg(x+ n)

)
,

for all x ≥ a and all real β such that x+β ≥ a and also x ≥ a. Replacing x by x0 and x+β
by x, we get the following expansion:

f(x) = f(x0) + lim
n→+∞

(
n−1∑

k=0

(
g(x0 + k) − g(x + k)

)
+ (x− x0)g(x0 + n)

)
,

which is also derived in [18] by other means.
As an example related to the Gamma function, let f(x) = log Γ(x). This is a convex

solution of Krull’s equation with g(x) = logx, and with f ′′(x) monotonically decreasing to
zero.

Then (10.1) gives

(10.6) Q(x, β) =
Γ(x + β)

Γ(x)
≤ xβ,

which is Wendel’s inequality [38]. Its improvement, by means of (10.3), reads:

Q(x, β)≤∼(x+ n)βΠ(x, β, n),

which is, in fact, a πn-transform of (10.6).
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11 How to Choose the Initial Function

In this section, we give a supply of convex and concave functions, to produce inequalities
that involve the Gamma function.

Theorem 11.1 (M. Merkle, [25]). Let B2k be Bernoulli numbers and let L and R be
generic notations for the following sums:

L(x) = LN (x) = −
2N∑

k=1

B2k

2k(2k − 1)x2k−1
, (N = 1, 2, . . .) , L0(x) = 0 .

R(x) = RN (x) = −
2N+1∑

k=1

B2k

2k(2k − 1)x2k−1
, (N = 0, 1, 2, . . .)

(i) The functions

F1(x) = log Γ(x),

F2(x) = logΓ(x) − x logx,

F3(x) = log Γ(x) −
(
x− 1

2

)
logx,

F4(x) = log Γ(x) −
(
x− 1

2

)
logx− 1

12x
+

1
360x3

and

F (x) = log Γ(x) −
(
x− 1

2

)
logx+ L(x)

are convex on x > 0.
(ii) The functions

G1(x) = log Γ(x) −
(
x− 1

2

)
logx− 1

12x
,

G2(x) = log Γ(x) −
(
x−

1
2

)
logx−

1
12x

+
1

360x3
−

1
1260x5

and

G(x) = log Γ(x) −
(
x− 1

2

)
logx+ R(x)

are concave on x > 0.

Including more terms has the effect of decreasing the absolute value of the second deriva-
tive, and hence, yields a sharper inequality (but, more complicated). In the limit, functions
F and G become (log 2π)/2 − x, in accordance with a well known asymptotic expansion:

logΓ(x) ∼
(
x− 1

2

)
logx− x+

1
2

log2π +
+∞∑

k=1

B2k

2k(2k − 1)x2k−1
.
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12 Inequalities for Gautschi’s Ratio

As a starting point, let us see what one can obtain from the plain log-convexity of the
Gamma function. By Jensen’s inequality with ϕ(x) = log Γ(x), we find

(12.1) ϕ(x) ≤ βϕ(x− 1 + β) + (1 − β)ϕ(x+ β) (0 ≤ β ≤ 1) .

That is,

Γ(x) ≤ Γβ(x− 1 + β)Γ1−β(x+ β) =
Γβ(x+ β)

(x− 1 + β)β
Γ1−β(x+ β)

and this gives the well known Gautschi inequality

(12.2) Q(x, β) =
Γ(x+ β)

Γ(x)
≥ (x− 1 + β)β .

Eleven years before Gautschi, J.G.Wendel published a note [38] on the Gamma function,
containing inequalities (x ≥ 1, β ∈ [0, 1])

(12.3)
x

(x+ β)1−β
≤ Q(x, β)

and

(12.4) Q(x, β) ≤ xβ

J.T. Chu in the article [6], published in 1962, gives the following result:

(12.5)

√
n− 1

2

√
2n− 3
2n− 2

<
Γ(n

2
)

Γ
(
n
2 − 1

2

) <
√
n − 1

2

√
2n− 2
2n− 1

,

(n = 2, 3, . . .), which, after letting x = n−1
2 , becomes

(12.6)

√
x− 1

4
<

Γ
(
x+ 1

2

)

Γ(x)
<

x√
x+ 1

4

.

Note that the upper bound may be obtained from the lower one by the β− transform.
Chu indicates that, for x = 1, 2, . . ., there is an improvement in the lower bound, which we
will write as

(12.7)

√
x− 1

4
+

1
(4x+ 2)2

<
Γ
(
x+ 1

2

)

Γ(x)
.

In 1967, Boyd [5] gives inequalities in the same spirit. The lower bound in our notation
reads

(12.8)

√
x− 1

4
+

1
32x+ 16

<
Γ
(
x+ 1

2

)

Γ(x)
,

for x = m + 1
2 , m = 1, 2, . . ., and an upper bound can be found from (12.8) and the β−

transform.
Finally, Lazarević and Lupaş’ result [20] from 1979 reads:

(12.9)
(
x− 1 − β

2

)β
≤ Γ(x+ β)

Γ(x)
,
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for x > 1−β
2 and β ∈ [0, 1]. This inequality was rediscovered by Kershaw [17] in 1983.

Applying the β− transform, we can find the corresponding upper bound:

(12.10)
Γ(x+ β)

Γ(x)
≤ x

(x+ β
2
)1−β

.

Lazarević-Lupaş’ inequality (12.9) is, for x > (β2 + 3)/4 (and therefore, for x ≥ 1 and
every β ∈ (0, 1)) sharper than Wendel’s inequality (12.3), which is sharper than Gautschi’s
(12.2).

As we can see, (12.9) concides with (12.6) where the latter holds, but it is much more
general than (12.6). On the other hand, (12.8) is sharper than (12.9) for a particular choice
of x and β. An inequality which generalizes and sharpens all the mentioned inequalities is
proved in [26]:

For any x ≥ (1 − β)/2 and β ∈ [0, 1],

(12.11) Q(x, β) ≥
(
x− 1 − β

2
+

1 − β2

24x+ 12

)β
,

with equality if and only if β = 0 or β = 1. This inequality is derived as a simplified version
of the inequality that is obtained from concavity of the function G1 of the previous section.

13 Inequalities and Expansions for Gurland’s Ratio

The first result about the ratio of Gamma functions

T (x, y) =
Γ(x)Γ(y)
Γ2
(
x+y

2

) , x, y > 0,

appeared in 1956, in John Gurland’s paper [10], where the following inequality was presented:

(13.1)
Γ(x)Γ(x+ 2β)

Γ2(x+ β)
≥ 1 +

β2

x
, x > 0, x+ 2β > 0.

There is the following relationship between T and Gautschi’s ratio Q:

(13.2) T (x, x+ 2β) =
Q(x+ β, β)
Q(x, β)

,

and, naturally, this relationship can be used to produce inequalities of Gurland type from
inequalities of Gautshi type. However, techniques explained in previous sections can be used
here as well. The following properties of Gurland’s ratio are proved in [22]:

Theorem 13.1.

(i) For any β ∈ I = (0,+∞), the functions

x 7→ T (x, x+ 2β) and x 7→ logT (x, x+ 2β)

are completely monotonic on I.

(ii) For any β ∈ I the function x 7→ T (x, x+ 2β) is decreasing in x ∈ I from +∞ to 1.

(iii) For any x ∈ I, the function β 7→ T (x, x+ 2β) is increasing in β ∈ I from 1 to +∞.
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(iv) The function (x, y) 7→ F (x, y) is Schur-convex on I × I, that is, for any x, y ∈ I such
that x < y and 0 < ε < (y − x)/2,

T (x+ ε, y − ε) < T (x, y).

(v) For any β ∈ I, the functions

x 7→ T (x, x+ 2β), x 7→ logT (x, x+ 2β), x 7→ log logT (x, x+ 2β)

are convex on I.

The initial interest for Gurland’s ratio was related to the Cramér-Rao inequality in
Statistics. There were many attempts to improve inequality (13.1) by using different versions
of the Cramér-Rao inequality. A survey of this early work can be found in [28].

However, G.N. Watson [40] for the case β = 1/2 and A.V.Boyd [4] for the general
case, noticed that (13.1) is a simple consequence of Gauss’ formula for the hypergeometric
function (see [41, 14.11]):

(13.3)
Γ(x)Γ(x+ 2β)

Γ2(x+ β)
= F (−β,−β, x, 1) = 1 +

∞∑

k=1

(
(−β)k

)2

k!(x)k
,

where (z)k = z(z + 1) · · · (z + k − 1) and F is the hypergeometric function. The series is
convergent whenever x+ 2β > 0. If, in addition, x > 0, then all terms are nonnegative and,
by retaining a finite number of terms in the series, we get (13.1) and its improvements.

We will give here some examples of inequalities of Gurland type.
From the convexity of the function F2 in Section 11, and Jensen’s inequality

F2

(
x+ y

2

)
≤ F2(x) + F2(y)

2
,

we get the inequality [16]:

(13.4) T (x, y) ≥ xxyy
(
x+y

2

)x+y ,

which can be turned into an expansion using a πn-transform:

T (x, y)≥∼
(x+ n)x+n(y + n)y+n
(
x+y
2 + n

)x+y+2n ρ(x, y, n).

A general method of producing double inequalities of Gurland type is the following.
Suppose that the function

(13.5) F (x) = logQ(x, β) + logD(x, β),

is convex with respect to x ∈ I, for a fixed β ∈ (0, 1). Then from Jensen’s inequality

(13.6) F (x) ≤ βF (x− 1 + β) + (1 − β)F (x+ β), x > 1 − β

we find, writing for simplicity Q(x, β) = Q(x) and D(x, β) = D(x):

(13.7) Q(x)D(x) ≤ Qβ(x− 1 + β)Q1−β(x+ β)Dβ(x− 1 + β)D1−β(x+ β).
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Now note that

Q(x− 1 + β) =
Γ(x− 1 + 2β)
Γ(x− 1 + β)

=
x− 1 + β

x− 1 + 2β
· Γ(x+ 2β)

Γ(x+ β)
=

x− 1 + β

x− 1 + 2β
·Q(x+ β),

which finally yields, via (13.7) and the relation (13.2),

(13.8) T (x, x+ 2β) ≥
(
x− 1 + 2β
x− 1 + β

)β
· D(x, β)
Dβ(x− 1 + β, β)D1−β(x + β, β)

,

where x > 1−β. An upper bound may be found with the same function (13.5), but starting
with Jensen’s inequality

(13.9) F (x+ β) ≤ (1 − β)F (x) + βF (x+ 1), x > 0

instead of (13.6). In that way, we find

(13.10) T (x, x+ 2β) ≤
(
x+ β

x

)β
· D

β(x+ 1, β)D1−β(x, β)
D(x + β, β)

, x ∈ I.

The same procedure can be applied if F is concave, with ≤ and ≥ being interchanged.
It is easy to see that the function x 7→ Q(x, β) is log-concave; therefore, in light of

previous sections, the function D should be log-convex.
The simplest double inequality of this type is obtained with F (x) = logQ(x, β):

(
1 +

β

x

)β
≤ T (x, x+ 2β) ≤

(
1 +

β

x− 1 + β

)β
,

and the corresponding expansions via πn-transform:

ρ(x, x+ 2β, n) ·
(

1 +
β

x+ n

)β
≤
∼T (x, x+ 2β)

≤
∼ρ(x, x+ 2β, n) ·

(
1 +

β

x+ n − 1 + β

)β
,

where x > 1 − β and 0 ≤ β ≤ 1.
Inequalities for the Trigamma function can yield convex or concave functions related to

the Gamma function; this method works well for both types of inequalities. For example,
it is proved in [22] that, for x > 0:

(13.11)
1

x+ 1
+

1
x2

+
1

2(x+ 1)2
< Ψ′(x) <

1
x+ 1

+
1
x2

+
1

(x+ 1)2
.

These inequalities imply that, for x > 0, the function x 7→ logΓ(x + 1) − x log(x + 1) is
concave, and the function x 7→ log Γ(x+ 1) − (x+ 1/2) log(x+ 1) is convex.

For a more complete survey of Gurland type inequalities and their applictions, see [22].
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1 Introduction

The nth harmonic number Hn is defined by

Hn :=
n∑

k=1

1
k

(n ∈ N).

For these numbers the following estimates are well-known (see [2]):

(1.1)
1

2(n+ 1)
+ ln(n) + γ < Hn <

1
2n

+ ln(n) + γ (n ∈ N),

where γ = 0.5772 . . . is the Euler-Mascheroni constant.
Hyperharmonic numbers were given by Conway and Guy in [1]. The nth hyperharmonic

number of order r > 1 is

H(r)
n =

n∑

k=1

H
(r−1)
k ,

with the agreement that H(1)
n = Hn. There is a useful connection between harmonic and

higher order harmonic numbers ([1]):

(1.2) H(r)
n =

(
n+ r − 1
r − 1

)
(Hn+r−1 −Hr−1).

Our aim is to study the convergence of some series involving higher order harmonic
numbers. These investigations help us to see the growth of these numbers.
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2 Hyperharmonic Series

Theorem 2.1. Let us fix an order r ≥ 2. We have

∞∑

n=1

H
(r)
n

nr
= ∞,(2.1)

ζ(s + 1)
(r − 1)!

<

∞∑

n=1

H
(r)
n

nr+s
<

3
2

(2r)r

(r − 1)!
ζ(s) (s > 1),(2.2)

∞∑

n=1

nr−1

H
(r)
n

= ∞,(2.3)

2
3

(r − 1)!
(2r)r

ζ(s) <
∞∑

n=1

nr−s

H
(r)
n

< (r − 1)!ζ(s− 1) (s > 2),(2.4)

where ζ is the Riemann zeta function.

To prove these relations, we need upper and lower estimations for hyperharmonic num-
bers, which are not the sharpest ones but more usable in analytical calculations.

Lemma 2.2. We have

1
(r − 1)!

nr−1 < H(r)
n <

3
2

(2r)r

(r − 1)!
nr ,

for all n ∈ N and r ≥ 2.

Proof (Proof of Lemma 2.2). As we have seen,

H(r)
n =

(
n+ r − 1
r − 1

)
(Hn+r−1 −Hr−1).

First, we prove the upper estimation.
(
n+ r − 1
r − 1

)
=

(n + 1)(n+ 2) · · · (n+ r − 1)
(r − 1)!

<
(n+ r)r−1

(r − 1)!
,

and

Hn+r−1 −Hr−1 <
1

2(n+ r − 1)
+ ln(n+ r − 1) + γ −

(
1
2r

+ ln(r − 1) + γ

)

<
1
2

+ ln
(
n+ r

r − 1

)
.

From these inequalities we get

H(r)
n <

(n + r)r−1

(r − 1)!

(
1
2

+ ln
(
n+ r

r − 1

))

<
(n + r)r−1

(r − 1)!

(
1
2

+
n+ r

r − 1

)

=
(n + r)r−1

2(r − 1)!
+

(n+ r)r

(r − 1)(r − 1)!

<
(n + r)r

(r − 1)!

(
1
2

+
1

r − 1

)
≤ 3

2
(n + r)r

(r − 1)!
.
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Furthermore,

(n+ r)r =
r∑

k=0

(
r

k

)
nkrr−k <

r∑

k=0

(
r

k

)
nkrr = rr(n + 1)r < (2rn)r.

The lower estimation can be obtained easily:
(
n + r − 1
r − 1

)
>

nr−1

(r − 1)!
.

Since Hn+r−1 −Hr−1 > 1, we have obtained the desired relations.

Proof (Proof of Theorem 2.1). Since

H(r)
n >

1
(r − 1)!

nr−1,

we get immediately that
H

(r)
n

nr
>

1
(r − 1)!

1
n
.

This relation and the comparison test prove our first statement.
In the same way as above,

H
(r)
n

nr+s
>

1
(r − 1)!

1
ns+1

.

∞∑

n=1

H
(r)
n

nr+s
>

1
(r − 1)!

∞∑

n=1

1
ns+1

=
1

(r − 1)!
ζ(s+ 1) (s > 0).

By the lemma,

∞∑

n=1

H
(r)
n

nr+s
<

3
2

(2r)r

(r − 1)!

∞∑

n=1

1
ns

=
3
2

(2r)r

(r − 1)!
ζ(s) (s > 1).

The divergence of (2.3) can be deduced by using Lemma 2.2. and the comparison test:

1

H
(r)
n

>
2
3

(r − 1)!
nr(2r)r

,

therefore
∞∑

n=1

nr−1

H
(r)
n

>
2
3

(r − 1)!
(2r)r

∞∑

n=1

1
n

= ∞.

If we change nr−1 to nr−s (s > 1) in the numerator, we get the left-hand side inequality
of (2.4).

The last relation of the theorem can be proved also easily. Since

1

H
(r)
n

<
(r − 1)!
nr−1

,

∞∑

n=1

nr−s

H
(r)
n

< (r − 1)!
∞∑

n=1

1
ns−1

= (r − 1)!ζ(s − 1) (s > 2).
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3 An Upper Estimation of Ramsey Numbers Involving Hyperharmonic
Numbers

For two positive integers r and n, the Ramsey number R(r, n) is the smallest integer R so
that every graph on R vertices contains either a clique of size r or an independent set of size
n. Or, equivalently, the R(r, n) Ramsey number gives the solution to the question ‘What
is the minimum number of guests R(r, n) that must be invited so that at least r will know
each other or at least n will not know each other?’. Such a number exists for all r and n.

The following statement is known as the Theorem of Erdős and Szekeres: for all r, n ∈ N

R(r, n) ≤
(
n+ r − 2
r − 1

)
.

Since (
n + r − 2
r − 1

)
=
n(n + 1) · · · (n + r − 2)

(r − 1)!
,

and (
n+ r − 1
r − 1

)
=

(n+ 1) · · · (n+ r − 1)
(r − 1)!

,

we can express the upper bound of the Ramsey numbers with hyperharmonic numbers.
Indeed, (

n + r − 2
r − 1

)
=

n

n + r − 1

(
n+ r − 1
r − 1

)
.

Moreover, we know (see (1.2)) that

H(r)
n =

(
n + r − 1
r − 1

)
(Hn+r−1 −Hr−1) =

n+ r − 1
n

(
n+ r − 2
r − 1

)
(Hn+r−1 −Hr−1),

whence

R(r, n) ≤
(
n+ r − 2
r − 1

)
=

n

n+ r − 1
H

(r)
n

(Hn+r−1 −Hr−1)
.

If we consider the article of A. Benjamin, D. Gaebler and R. Gaebler ([3]), we can give
an equivalent form of the above estimation.

The
[
n
k

]
r
r-Stirling number is the number of the permutations of the set {1, . . . , n}

having k disjoint, non-empty cycles, in which the elements 1 through r are restricted to
appear in different cycles.

In [3] one can find the interesting equality

H(r)
n =

[
n+r
r+1

]
r

n!
.

Thus, we have proved the following

Proposition 3.1. For all r, n ∈ N

R(r, n) ≤ n

n+ r − 1
H

(r)
n

(Hn+r−1 −Hr−1)
=

n

n+ r − 1

[
n+r
r+1

]
r

n!(Hn+r−1 −Hr−1)
.



Some Inequalities for Hyperharmonic Series 105

References

[1] J.H. Conway and R.K. Guy, The Book of Numbers, Springer-Verlag, New York, p. 258-
259 (1996).

[2] Eric W. Weisstein et al., Harmonic Number, From MathWorld – A Wolfram Web Re-
source. http://mathworld.wolfram.com/HarmonicNumber.html

[3] A.T. Benjamin, D. Gaebler and R. Gaebler, A combinatorial approach to hyperhar-
monic numbers, INTEGERS: The Electornic Journal of Combinatorial Number Theory,
3 (2003), pp. 1–9, #A15.





In: Advances in Inequalities for Special Functions
Editors: P. Cerone and S. S. Dragomir, pp. 107–117

ISBN 978-1-60021-919-1
c© 2008 Nova Science Publishers, Inc.

The Hermite-Hadamard Inequalities for Double Dirichlet Averages
and Their Applications to Special Functions

Edward Neuman

Department of Mathematics
Mailcode 4408, 1245 Lincoln Drive

Southern Illinois University
Carbondale, IL 62901, USA

E-mail address: edneuman@math.siu.edu

Abstract. The Hermite-Hadamard type inequalities for double Dirichlet averages of a uni-
variate function are established. Applications to special functions with emphasis on Lauricella’s
hypergeometric function FB and Jacobi polynomials are included.

1991 Mathematics Subject Classification: 26D07, 26B25, 33C45, 33C65

Key words and phrases:Double Dirichlet averages, Hermite-Hadamard inequalities, con-
vex functions, logarithmically-convex functions, Lauricella’s hypergeometric function FB,
Jacobi polynomials.

1 Introduction and Definitions

Many of the most important special functions admit representations in terms of so-called
Dirichlet averages. For the reader’s convenience we recall first the definition of the single
Dirichlet average, also called the Dirichlet average, of a univariate function. Let f be a
real-valued holomorphic function on the closed interval I. By

Em−1 = {u = (u1, . . . , um) : ui ≥ 0, 1 ≤ i ≤ m, u1 + · · ·+ um = 1}

(m = 2, 3, . . .) we will denote the Euclidean simplex in Rm−1. In what follows we will always
choose um = 1 − (u1 + · · ·+ um−1). For b ∈ Rm> , where R> = {t : t > 0}, let B(b) denote
the multivariate beta function and

µb(u) =
1

B(b)

m∏

i=1

ubi−1
i

is the Dirichlet measure on Em−1.

Definition 1. Let x ∈ Im. The Dirichlet average of the function f with parameters b and
variables x, denoted by F (b;x), is defined by [5, (5.2–1)]

(1.1) F (b;x) =
∫

Em−1

f(u · x)µb(u) du,

where u·x = u1x1+· · ·+umxm is the dot product of vectors u and x and du = du1 . . . dum−1 .
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Special functions reached in this way include the celebrated Gauss hypergeometric func-
tion 2F1 , Kummer’s confluent hypergeometric function 1F1 , Bessel functions of the first
kind, to mention the most important ones. This method, however, has its limitations. For
instance, unrestricted Lauricella hypergeometric functions FA, FB, and FC have no known
representations in terms of single Dirichlet averages of elementary transcendental functions.
In [3] B.C. Carlson has introduced the notion of the double Dirichlet average F of f .

Let X = [xkl] (l ≤ k ≤ m, 1 ≤ l ≤ n) be a real matrix and let J = [min(xkl), max(xkl)].
Further, let d ∈ Rn> and let µd(v) denote the Dirichlet measure on the Euclidean simplex
En−1. Assume that f is a real-valued holomorphic function on the domain D and let J ⊂ D.

Definition 2. The double Dirichlet average F of f is defined by

(1.2) F(b;X; d) =
∫

En−1

∫

Em−1

f(u ·X · v)µb(u)µd(v) du dv,

where v = (v1, . . . , vn) ∈ En−1 with vn = 1 − (v1 + · · ·+ vn−1), dv = dv1 . . . dvn−1, and

u ·X · v =
m∑

k=1

n∑

l=1

ukxklvl .

If m or n is unity, the corresponding integration is omitted and if m = n = 1, we define
F = f .

For the reader’s convenience we list some elementary properties of the double Dirichlet
average. They can be found in [3].

(a) Row symmetry (symmetry in indices 1, . . . ,m, which label the b-parameters and the
rows of X);

(b) Column symmetry (symmetry in indices 1, . . . , n, which label the d-parameters and
the columns of X);

(c) Transposition property: F(b;X; d) = F(d;XT ; b);

(d) Two or more identical rows (columns) can be replaced by a single row (column) if the
corresponding b-parameters (d-parameters) are replaced by their sum;

(e) A vanishing b-parameter (d-parameter) can be omitted along with the corresponding
row (column) of X;

(f) Let |b| := b1 + · · · + bm and |d| = d1 + · · · + dn . The average F can be continued
analytically in the parameters and variables as long as |b|, |d| 6= 0,−1, . . . and all xkl
remain in D, provided D is an open interval in R;

(g) The double Dirichlet average F is holomorphic in the elements of b, d and X on its
domain of definition.

Properties of the Dirichlet average F can be deduced easily from the above list.
Special functions which can be represented by the double Dirichlet averages include

Lauricella hypergeometric functions FA, FB , and FC, Jacobi polynomials, the unrestricted
hypergeometric function 3F2 , to mention the most important ones (see [3], [4]).

Some integral formulas for the double Dirichlet averages are obtained in [11]. Therein,
these averages have been employed to obtain new results for the Gegenbauer functions.
In [13] the authors have used the double Dirichlet averages to study the moments of the
multivariate Dirichlet splines.
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Dirichlet averages are closely related to one of the most important inequalities for convex
functions. Let f : I → R be a convex function and let α, β ∈ I (α 6= β). The classical result
which is due to Hermite and Hadamard states

f

(
α+ β

2

)
≤ 1
β − α

∫ β

α

f(t) dt ≤ f(α) + f(β)
2

(see, e.g., [6], [14]). A generalization of this result can be found in [5, Ex. 5.2–1]

(1.3) f

(
m∑

i=1

wixi

)
≤
∫

Em−1

f(u · x)µb(u) du ≤
m∑

i=1

wif(xi),

where wi = bi/|b|, 1 ≤ i ≤ m, x = (x1, . . . , xm) ∈ Im. Comparison with (1.1) shows that
the middle term in (1.3) is the Dirichlet average F , thus

(1.4) f

(
m∑

i=1

wixi

)
≤ F (b;x) ≤

m∑

i=1

wif(xi).

Generalizations of (1.3) to the case when f is a multivariate convex function can be
found in [12], [10], and [1]. Some of the results in [1] apply to the logarithmically-convex
functions.

The goal of this paper is to establish the Hermite-Hadamard inequalities for the double
Dirichlet averages. These results are contained in Section 2. Applications to Lauricella’s
FB and Jacobi polynomials are presented in Section 3.

2 The Hermite-Hadamard Inequalities for Double Dirichlet Averages

In this section we deal with the inequalities for double Dirichlet averages of convex functions.
Some of these results can be regarded as generalizations of inequalities (1.4).

To this end we will always assume that b ∈ Rm> , d ∈ Rn> (m,n ≥ 1). For later use we
define the weights rk (1 ≤ k ≤ m) and sl (1 ≤ l ≤ n), where

(2.1) rk = bk/|b|

and

(2.2) sl = dl/|d|.

Let X = [xkl] be an m by n real matrix. We will assume that not all entries of X are
equal. In what follows, the symbols kX and Xl will stand for the kth row and the lth column
of X, respectively. Also, we will use the symbol J which has been introduced in Section 1.
In order to present the first result of this section we introduce the vector Y = (y1, . . . , yn),
where

(2.3) yl =
m∑

k=1

rkxkl

(1 ≤ l ≤ n) and the vector Z = (z1, . . . , zm), with

(2.4) zk =
n∑

l=1

slxkl

(l ≤ k ≤ m).
We are in a position to state and prove the following.
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Theorem 2.1. Let f : Int(J) → R. If f is a convex function, then

(2.5) F (d;Y ) ≤ F(b;X; d) ≤
m∑

k=1

rkF (d; kX)

and

(2.6) F (b;Z) ≤ F(b;X; d) ≤
n∑

l=1

slF (b;Xl).

Inequalities (2.5) and (2.6) are reversed if f is a concave function and they become
equalities if f is an algebraic polynomial of degree at most one.

Proof. We shall prove inequalities (2.5) and (2.6) when f is a convex function. We need the
following formula [3, (2.8)]

F(b;X; d) =
∫

En−1

F (b; 1X · v, . . . ,mX · v)µd(v) dv(2.7)

=
∫

Em−1

F (d;u ·X1, . . . , u ·Xn)µb(u) du.

For the proof of (2.5) we introduce a vector W = (w1, . . . , wm) where wk = kX · v
(1 ≤ k ≤ m), v ∈ En−1 . Then

m∑

k=1

rkwk =
m∑

k=1

rk(kX · v) =
m∑

k=1

rk

(
n∑

l=1

xklvl

)
=

n∑

l=1

(
m∑

k=1

rkxkl

)
vl =

n∑

l=1

ylvl = Y · v.

Thus

(2.8)
m∑

k=1

rkwk = Y · v.

It follows from (1.4) that

f

(
m∑

k=1

rkwk

)
≤ F (b;W ) ≤

m∑

k=1

rkf(wk).

Application of (2.8) to the last inequality gives

f(Y · v) ≤ F (b; 1X · v, . . . ,mX · v) ≤
m∑

k=1

rkf(kX · v).

Multiplying all members of the last inequality by µd(v) and next integrating over En−1

we obtain
∫

En−1

f(Y · v)µd(v) dv ≤
∫

En−1

F (b; 1X · v, . . . ,mX · v)µd(v) dv

≤
m∑

k=1

rk

∫

En−1

f(kX · v)µd(v) dv.
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Application of (1.1) to the first and third members of the last inequality and use of (2.7)
completes the proof of (2.5). Inequalities (2.6) can be established in a similar fashion. We
define W = (w1, . . . , wn) with wl = u ·Xl (1 ≤ l ≤ n). Easy computation shows that

(2.9)
n∑

l=1

slwl = Z · u,

where u ∈ Em−1 and the components of the vector Z are defined in (2.4). We employ (1.4)
again to obtain

f

(
n∑

l=1

slwl

)
≤ F (d;W ) ≤

n∑

l=1

slf(wl).

Making use of (2.9) and utilizing the definition of the vector W we obtain

f(Z · u) ≤ F (d;u ·X1, . . . , u ·Xn) ≤
n∑

l=1

slf(u ·Xl).

To complete the proof of (2.6) we multiply all members of the last inequality by µb(u)
and next integrate over Em−1 . Application of (1.1) and (2.7) to the resulting inequality
gives the desired result.

Before we state and prove a corollary of Theorem 2.1 let us introduce more notation.
Following [3] the double Dirichlet average of f(t) = t−a (t > 0) will be denoted by R(b;X; d)
provided the vectors b and d are such that |b| = |d| = a. Also, we will write R−a for the
single Dirichlet average of the power function t → t−a.

Corollary 2.2. Let the numbers yl (1 ≤ l ≤ n) and zk (1 ≤ k ≤ m) be the same as in (2.3)
and (2.4), respectively. Assume that all the entries xkl of the matrix are positive numbers.
Then the following inequalities

(2.10)
n∏

l=1

y−dl

l ≤ R(b;X; d) ≤
m∑

k=1

rk

n∏

l=1

x−dl

kl

and

(2.11)
m∏

k=1

z−bk

k ≤ R(b;X; d) ≤
n∑

l=1

sl

n∏

k=1

x−bk

kl

are valid.

Proof. Let x = (x1, . . . , xm) ∈ Rm> . It is known ([5, (6.6–5)]) that

R−a(b;x) =
m∏

k=1

x−bk

k

provided |b| = a. Applying this result to the first and third members of (2.5) and (2.6),
with f(t) = t−a, we obtain the desired inequalities (2.10)–(2.11).

For later use, let Y = [ykl] be an m by n real matrix all of whose entries are not equal.
Let K = [min(ykl),max(ykl)]. For 0 < t < 1 we define a matrix Z, where Z = tX+(1− t)Y
and X has the same meaning as in Theorem 2.1. Also, for τ1, τ2 ∈ R let τ = tτ1+(1− t)τ 2 .

Our next result reads as follows.
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Theorem 2.3. Let f : Int(J ∪K) → R> be a logarithmically-convex function. Then

(2.12) F(b;Z; d) ≤ [F(b;X; d)]t[F(b;Y ; d)]1−t.

If xkl > 0 for 1 ≤ k ≤ m, 1 ≤ l ≤ n and if τ1 6= τ2, then

(2.13) Rτ (b;X; d) < [Rτ1(b;X; d)]t[Rτ2(b;X; d)]1−t.

Proof. We shall establish (2.12) first. Logarithmic convexity of f implies the following
inequality

f(u · Z · v) ≤ [f(u ·X · v)]t[f(u · Y · v)]1−t.

We multiply both sides by µb(u)µd(v), next integrate over Em−1 and En−1 and apply
Hölder’s inequality to obtain

F(b;Z; d)

≤
∫

En−1

∫

Em−1

[f(u ·X · v)µb(u)µd(v)]t[f(u · Y · v)µb(u)µd(v)]1−tdu dv

≤

[∫

En−1

∫

Em−1

f(u ·X · v)µb(u)µd(v) du dv

]t [∫

En−1

∫

Em−1

f(u · Y · v)µb(u)µd(v) du dv

]1−t

= [F(b;X; d)]t[F(b;Y ; d)]1−t.

The proof of (2.12) is complete. In order to establish inequality (2.13) we use the
following result [2, Theorem 4]

Rτ (d;x) < [Rτ1 (d;x)]
t[Rτ2(d;x)]

1−t,

where x ∈ Rn> . Letting x = u ·X = (u ·X1, . . . , u ·Xn) (u ∈ Em−1) and next integrating
against the Dirichlet measure µb(u) over the simplex Em−1 we obtain
∫

Em−1

Rτ (d;u ·X)µb(u) du <
∫

Em−1

[
Rτ1(d;u ·X)µb(u)

]t[
Rτ2(d;u ·X)µb(u)

]1−t
du

<

[∫

Em−1

Rτ1(d;u ·X)µb(u) du

]t [∫

Em−1

Rτ2(d;u ·X)µb(u) du

]1−t

,

where in the last step we have used Hölder’s inequality. Taking into account that u ·X =
(u ·X1, . . . , u ·Xn) and utilizing (2.7) one obtains the desired result (2.13).

3 Applications to Special Functions

This section deals with applications of inequalities, established in the previous section,
to special functions. Emphasis is on Lauricella’s hypergeometric function FB and Jacobi
polynomials.

3.1 Bounds for Lauricella’s Function FB

In what follows we will use Appell’s symbol (a, n) (a 6= 0, n ∈ N0 – set of all nonnegative
integers), where (a, 0) = 1 and (a, n) = a(a+1)·· · ··(a+n−1) (n > 0). For i = (i1, . . . , in) ∈
Nn0 and α, β ∈ Cn we define

(α, i) = (α1, i1) · · · · · (αn, in), (β, i) = (β1, i1) · · · · · (βn, in).
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Also, we will employ the multi-index notation:

|i| = i1 + · · ·+ in, i! = i1! · · · · · in!, xi = xi11 · · · · · xinn ,

where x ∈ Cn .
For a, β ∈ Cn, γ ∈ C (γ 6= 0,−1, . . .) and x ∈ Cn, with |xi| < 1 (1 ≤ i ≤ n), the

Lauricella hypergeometric function FB is defined by (see e.g., [9], [7])

FB(α, β; γ;x) =
∑ (α, i)(β, i)

(γ, |i|)i! xi,

where the summation extends over all multi-indices i ∈ Nn0 . When n = 1, FB becomes the
celebrated Gauss hypergeometric function 2F1:

(3.1) 2F1(α, β; γ;x) =
ı∑

i=0

(α, i)(β, i)
(γ, i)i!

xi.

Also, we will use Lauricella’s hypergeometric function FD . For α, γ ∈ C (γ 6= 0,−1, . . .)
and β, x ∈ Cn (|xi| < 1, 1 ≤ i ≤ n) the function in question is defined by

(3.2) FD(α, β; γ;x) =
∑ (α, |i|)(β, i)

(γ, |i|)i!
xi,

where the summation extends over all multi-indices i ∈ Nn0 (see [9], [7]).
Both functions FB and FD admit representations in terms of Dirichlet averages. In what

follows the symbol R−a will stand for the double Dirichlet average of the power function
t → t−a (t > 0). It is known [3, (5.4)] that

(3.3) FB(α, β; γ;x) = R−|α|(α;X; β, γ − |β|),

where

(3.4) X =




1 − x1 1 · · · 1 1
1 1 − x2 · · · 1 1
...

. . .
...

...
1 1 · · · 1 − xn 1


 .

Function FD is represented by a single Dirichlet average:

(3.5) FD(α, β; γ;x) = R−α(β, γ − |β|; 1− x, 1)

(see, e.g., [5, Ex. 6.3–5]). Here 1 − x = (1 − x1, . . . , 1 − xn).
Our first result reads as follows.

Proposition 3.1. Let α, β ∈ Rn> , γ > 0 and let x ∈ Rn. If γ > |β| and xi < 1 (1 ≤ i ≤ n),
then

(3.6) FD(|α|, β; γ; rx) ≤ FB(α, β; γ;x) ≤
n∑

k=1

rk
[
2F1(|α|, βk ; γ;xk)

]
,

where

(3.7) rk = αk/|α|

(1 ≤ k ≤ n) and rx := (r1x1, . . . , rnxn).
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Proof. We shall use inequality (2.5) with m = n, n := n + 1, f(t) = t−|α| (t > 0), b = α,
and d = (β, γ − |β|). Making use of (2.3) one obtains easily

yl =

{
1 − rlxl, 1 ≤ l ≤ n

1, l = n+ 1.

Thus Y = (1 − r1x1, . . . , 1 − rnxn, 1). Using (3.5) we obtain F (d;Y ) = R−|α|(β, γ −
|β|; 1 − rx, 1) = FD(|α|, β; γ; rx). This is the first term in the inequality (3.6). The middle
one is equal to FB(α, β; γ;x) because

F(b;X; d) = R−|α|(α;X; β, γ − |β|) = FB(α, β; γ;x),

where the last equality follows from (3.3). Here the matrix X is defined in (3.4). The third
member of (2.5) is computed as follows

n∑

k=1

rkF (d; kX) =
n∑

k=1

rkR−|α|(β, γ − |β|; 1, . . . , 1− xk, . . . , 1, 1)

=
n∑

k=1

rkR−|α|(βk, γ − βk; 1− xk, 1)

=
n∑

k=1

rk
[
2F1(|α|, βk; γ;xk)

]
.

Here we have used Property (d) and the formula (3.5) with n = 1. The proof is complete.

Computable bounds for Lauricella’s function FB are given in the next proposition. To
facilitate presentation, let us introduce more notation. We define

(3.8) sk = βk/γ (1 ≤ k ≤ n),

(3.9) K1 =
n∏

l=1

(1 − rlxl)−βl ,

(3.10) K2 =
n∏

k=1

(1 − skxk)−αk ,

(3.11) L1 = 1 +
n∑

l=1

rl
[
(1 − xl)−βl − 1

]
,

(3.12) L2 = 1 +
n∑

k=1

sk
[
(1 − xk)−αk − 1

]
,

where the weights r1, . . . , rn are defined in (3.7).

Proposition 3.2. Let α, β ∈ Rn> , let γ > 0, and let x ∈ Rn. If γ > max(|α|, |β|) and
xi < 1 for 1 ≤ i ≤ n, then the following inequalities

(3.13) max{K1,K2} ≤ FB(α, β; γ;x) ≤ min{L1, L2}

are valid.
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Proof. We shall employ another representation of FB as the double Dirichlet average of the
power function t→ t−γ (t > 0). Following [3, (5.11)]

(3.14) FB(α, β; γ;x) = R(α, γ − |α|;Z; β, γ − |β|),

where

Z =




1 − x1 1 · · · 1 1
1 1 − x2 · · · 1 1
...

...
. . .

1 1 · · · 1 − xn 1
1 1 · · · 1 1



.

The weights associated with the rows of Z are equal to rl (1 ≤ l ≤ n + 1) (see (3.7))
where rn+1 = 1− (r1 + · · ·+ rn) and the weights associated with the columns of Z are equal
to sk (1 ≤ k ≤ n+ 1) (see (3.8)) where sn+1 = 1− (s1 + · · ·+ sn). Making use of (2.3) and
(2.4) with m = n := n+ 1 we obtain

yl =

{
1 − rlxl , 1 ≤ l ≤ n

1, l = n+ 1

and

zk =

{
1 − skxk , 1 ≤ k ≤ n

1, k = n+ 1.

In order to obtain the lower bounds K1 and K2 we apply the first members of (2.10)
and (2.11) to (3.14). The upper bounds L1 and L2 are derived in a similar fashion.

Proposition 3.3. Let α, β ∈ Rn> and let γ > 0. Assume that γ > |β|. Further, let X = [xkl]
and Y = [ykl] be real m by n matrices such that xkl < 1 and ykl < 1 for all k and l. If
0 < t < 1, then

FB(α, β; γ; tX + (1 − t)Y ) ≤
[
FB(α, β; γ;X)

]t[
FB(α, β; γ;Y )

]1−t
.

Proof. We apply (2.12) to (3.3) to obtain the assertion.

3.2 An Inequality for Jacobi Polynomials

The Jacobi polynomial P (α,β)
n (x) of order (α, β) and degree n in variable x is defined by [7,

Ex. 7.1–3]

P (α,β)
n (x) =

n∑

k=0

(
α+ n

k

)(
β + n

n− k

)(
x+ 1

2

)k (
x− 1

2

)n−k
.

G. Gasper [8] has shown that if β ≥ α > −1
2

and |x| ≤ 1, then the polynomials in
question satisfy the Turán type inequality

(3.15) S
(α,β)
n−1 (x)S(α,β)

n+1 (x) ≤
[
S(α,β)
n (x)

]2
,

where S(α,β)
n (x) = P

(α,β)
n (x)/P (α,β)

n (1). Equality holds in (3.15) if and only if |x| = 1.
For later use we define

(3.16) V (α,β)
n (z) =

P
(α,β)
n (z)

P
(α,β)
n (1)P (α,β)

n (−1)
.

We are in a position to prove the following.
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Proposition 3.4. Let α, β > −1
2 , n ≥ 1, and let |z| ≥ 1. Then

(3.17)
[
V (α,β)
n (z)

]2
< γnV

(α,β)
n−1 (z)V (α,β)

n+1 (z),

where

(3.18) γn =
n(2n+ 1)

(n+ 1)(2n− 1)
.

Proof. For the proof of (3.17) we define b =
(
α+ 1

2
, α+ 1

2

)
, d =

(
β + 1

2
, β + 1

2

)
, and

X =
[

r + s r − s
−r + s −r − s

]
,

where r2 = (1 + x)(1 + y)/4, s2 = (1 − x)(1 − y)/4, with |x|, |y| ≤ 1. We shall prove first
that

(3.19) R2n(b;X; d) = (−1)n
(

1
2 , n

)

n!

(
x+ y

2

)n
V (α,β)
n

(
1 + xy

x+ y

)
,

where R2n stands for the double Dirichlet average of the power function t → t2n. Also, we
will write Rn for the single Dirichlet average of t → tn. The later average is also called the
R-hypergeometric polynomial (see [5]). In ([5, Ex. 7.1–3])

P (α,β)
n (z) =

(λ + n, n)
2nn!

Rn(−α− n,−β − n; z + 1, z − 1)

(λ = α+ β + 1) we let z = 1+xy
x+y

. Taking into account that Rn is a homogeneous function
of degree n in its variables we obtain

(
x+ y

2

)n
P (α,β)
n

(
1 + xy

x+ y

)
=

(λ + n, n)
n!

Rn(−α− n,−β − n; r2, s2).

Combining this with ([4, (5.9)])

(α+ 1, n)(β + 1, n)R2n(b;X; d) =
(

1
2
, n

)
(λ+ n, n)Rn(−α − n,−β − n; r2, s2)

and taking into account that

P (α,β)
n (1) =

(α+ 1, n)
n!

, P (α,β)
n (−1) = (−1)n

(β + 1, n)
n!

we obtain (3.19). To complete the proof of the inequality (3.17) use (3.19) together with
the inequality (2.13). Letting t = 1/2, τ1 = 2n− 2, and τ2 = 2n+ 2 in (2.13) we obtain the
desired result. Let us note that if |x| ≤ 1 and |y| ≤ 1, then |z| =

∣∣∣1+xy
x+y

∣∣∣ ≥ 1.

We close this section with the remark that the members of the sequence (3.18) satisfy
the inequality 1 < γn ≤ 1.5 and they decrease monotonically as n increases.
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1 Introduction

One of the classical and important inequalities used in analysis is the Hadamard inequality:

(1.1) f

(
a+ b

2

)
≤ 1
b− a

∫ b

a

f (x) dx ≤ f (a) + f (b)
2

,

where f : I → R is a convex function on the interval I of real numbers R, a, b ∈ I with
a < b, see [2, 11]. Recently, in [8] the present author has established some new integral
inequalities, analogues to that of Hadamard, involving the product of two convex functions.
One of the main results proved in [8] can be stated as follows:

Let f and g be real-valued, nonnegative convex functions on [a, b]. Then

(1.2)
1

b− a

∫ b

a

f (x) g (x) dx ≤ 1
3
M (a, b) +

1
6
N (a, b) ,

(1.3) 2f
(
a + b

2

)
g

(
a+ b

2

)
≤ 1
b − a

∫ b

a

f (x) g (x) dx+
1
6
M (a, b) +

1
3
N (a, b) ,

where

M (a, b) = f (a) g (a) + f (b) g (b) , N (a, b) = f (a) g (b) + f (b) g (a) .

For numerous inequalities for convex functions, see the books [2, 3, 5, 6, 11] and for
the inequalities involving the product of two and more convex functions, see the recent
papers [1], [4], [7] – [10]. The main purpose of this paper is to establish some new integral
inequalities involving convex functions. The analysis used in the proof is elementary and
our results provide new estimates on these types of inequalities.

This paper is dedicated to the memory of my wife Barbara.
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2 Statement of Results

Let I be a suitable interval of real numbers R. A function f : I → R is called convex if

f (λx+ (1 − λ) y) ≤ λf (x) + (1 − λ) f (y) ,

for all x, y ∈ I and λ ∈ (0, 1) . A function f : I → (0,∞) is said to be a log-convex function,
if for all x, y ∈ I and t ∈ [0, 1] one has the inequality (see [12, p. 7]):

f (tx+ (1 − t) y) ≤ [f (x)]t [f (y)]1−t .

Let f, g : [a, b] → R (a < b) be convex functions. We shall define the mappings
F (x, y) (t) , G (x, y) (t) : [0, 1] → R as follows:

F (x, y) (t) =
1
2

[f (tx+ (1 − t) y) + f ((1 − t)x+ ty)] ,

G (x, y) (t) =
1
2

[g (tx+ (1 − t) y) + g ((1 − t)x+ ty)] ,

for x, y ∈ I.
Our main results are given in the following theorems.

Theorem 2.1. Let f and g be real-valued, nonnegative convex functions on [a, b] and the
mappings F (x, y)(t) and G(x, y)(t) be as defined above. Then for all t ∈ [0, 1] we have

(2.1)
1

b− a

∫ b

a

F

(
x,
a + b

2

)
(t)G

(
x,
a+ b

2

)
(t) dx

≤ 1
4 (b− a)

∫ b

a

f (x) g (x) dx+
3
16

[M (a, b) + N (a, b)]

and

(2.2)
2

(b− a)2

∫ b

a

∫ b

a

F (x, y) (t)G (x, y) (t) dxdy

≤
1

b− a

∫ b

a

f (x) g (x) dx+
1
4

[M (a, b) +N (a, b)],

where

M (a, b) = f (a) g (a) + f (b) g (b) , N (a, b) = f (a) g (b) + f (b) g (a) .

Theorem 2.2. Let f, g, h : I → (0,∞) be log-convex functions on I and a, b ∈ I with a < b.
Then we have

(2.3)
2

b− a

∫ b

a

[f (x) g (x) + g (x)h (x) + h (x) f (x)]dx

≤ [f (a) + f (b)]L (f (a) , f (b)) + [g (a) + g (b)]L (g (a) , g (b))
+ [h (a) + h (b)]L (h (a) , h (b)) ,

(2.4)
4

b− a

∫ b

a

f (x) g (x)h (x) [f (x) + g (x) + h (x)]dx

≤ [f (a) + f (b)]
[
f2 (a) + f2 (b)

]
L (f (a) , f (b))

+ [g (a) + g (b)]
[
g2 (a) + g2 (b)

]
L (g (a) , g (b))

+ [h (a) + h (b)]
[
h2 (a) + h2 (b)

]
L (h (a) , h (b)) ,
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where L (p, q) = p−q
log p−log q (p 6= q) is the logarithmic mean of the positive real numbers p, q

(for p = q, we put L(p, p) = p).

3 Proof of Theorem 2.1

Since f and g are convex on [a, b], then for t ∈ [0, 1], it is easy to observe that

(3.1) F

(
x,
a+ b

2

)
(t) ≤

1
2

[
f (x) + f

(
a+ b

2

)]

and

(3.2) G

(
x,
a+ b

2

)
(t) ≤ 1

2

[
g (x) + g

(
a + b

2

)]
.

From (3.1) and (3.2) we observe that

F

(
x,
a + b

2

)
(t)G

(
x,
a+ b

2

)
(t) ≤ 1

4

[
f (x) + f

(
a+ b

2

)][
g (x) + g

(
a+ b

2

)](3.3)

=
1
4

[
f (x) g (x) + f (x) g

(
a+ b

2

)

+ f

(
a + b

2

)
g (x) + f

(
a+ b

2

)
g

(
a+ b

2

)]
.

Integrating (3.3) on [a, b] and making use of the inequality (1.1) we observe that

∫ b

a

F

(
x,
a+ b

2

)
(t)G

(
x,
a+ b

2

)
(t) dx(3.4)

≤ 1
4

[∫ b

a

f (x) g (x) dx+ g

(
a+ b

2

)∫ b

a

f (x) dx

+f
(
a + b

2

)∫ b

a

g (x) dx+ (b− a) f
(
a+ b

2

)
g

(
a + b

2

)]

≤ 1
4

[∫ b

a

f (x) g (x) dx+

{
1

b− a

∫ b

a

g (x) dx

} {
1

b− a

∫ b

a

f (x)dx

}
(b− a)

+

{
1

b− a

∫ b

a

f (x) dx

}{
1

b− a

∫ b

a

g (x) dx

}
(b− a)

+ (b− a)

{
1

b− a

∫ b

a

f (x)dx

}{
1

b− a

∫ b

a

g (x) dx

}]

=
1
4

∫ b

a

f (x) g (x) dx+
3
4

(b− a)

{
1

b− a

∫ b

a

f (x) dx

}{
1

b− a

∫ b

a

g (x) dx

}

≤ 1
4

∫ b

a

f (x) g (x) dx+
3
4

(b− a)
{
f (a) + f (b)

2

}{
g (a) + g (b)

2

}
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=
1
4

∫ b

a

f (x) g (x) dx+
3
16

(b − a) [M (a, b) +N (a, b)] .

Rewriting (3.4) we get the required inequality in (2.1).
Since f and g are convex on [a, b], it is easy to observe that

(3.5) F (x, y) (t) ≤ 1
2

[f (x) + f (y)]

and

(3.6) G (x, y) (t) ≤ 1
2

[g (x) + g (y)] ,

for t ∈ [0, 1] . From (3.5) and (3.6) we observe that

F (x, y) (t)G (x, y) (t) ≤ 1
4

[f (x) + f (y)] [g (x) + g (y)](3.7)

=
1
4

[f (x) g (x) + f (x) g (y) + f (y) g (x) + f (y) g (y)] .

Integrating (3.7) on [a, b]× [a, b] and using the right half of the inequality in (1.1) we get
∫ b

a

∫ b

a

F (x, y) (t)G (x, y) (t) dxdy(3.8)

≤ 1
4

[
(b− a)

∫ b

a

f (x) g (x) dx+

(∫ b

a

f (x) dx

) (∫ b

a

g (y) dy

)

+

(∫ b

a

f (y) dy

)(∫ b

a

g (x) dx

)
+ (b− a)

∫ b

a

f (y) g (y) dy

]

=
1
2

(b − a)
∫ b

a

f (x) g (x) dx

+
1
2

(b− a)2
(

1
b− a

∫ b

a

f (x) dx

)(
1

b− a

∫ b

a

g (x) dx

)

≤ 1
2

(b − a)
∫ b

a

f (x) g (x) dx+
1
2

(b− a)2
(
f (a) + f (b)

2

)(
g (a) + g (b)

2

)

=
1
2

(b − a)
∫ b

a

f (x) g (x) dx+
1
8

(b− a)2 [M (a, b) +N (a, b)] .

Rewriting (3.8) we get the desired inequality in (2.2).

4 Proof of Theorem 2.2

Since f, g, h are log-convex functions, we have

(4.1) f (ta+ (1 − t) b) ≤ [f (a)]t [f (b)]1−t ,

(4.2) g (ta+ (1 − t) b) ≤ [g (a)]t [g (b)]1−t

and

(4.3) h (ta+ (1 − t) b) ≤ [h (a)]t [h (b)]1−t
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for t ∈ [0, 1] . It is easy to observe that

(4.4)
∫ b

a

[f (x) g (x) + g (x)h (x) + h (x) f (x)] dx

= (b− a)
∫ 1

0

[f (ta+ (1 − t) b)g (ta+ (1 − t) b) + g (ta+ (1 − t) b)h (ta+ (1 − t) b)

+h (ta+ (1 − t) b) f (ta+ (1 − t) b)]dt.

Using the elementary inequality (see [5]) c1c2+c2c3+c3c1 ≤ c21+c
2
2+c

2
3 (for c1, c2, c3 reals)

and (4.1), (4.2), (4.3) on the right hand side of (4.4) and making the change of variables,
we have

∫ b

a

[f (x) g (x) + g (x)h (x) + h (x) f (x)]dx

(4.5)

≤ (b− a)
∫ 1

0

[
{f (ta+ (1 − t) b)}2 + {g (ta+ (1 − t) b)}2 + {h (ta+ (1 − t) b)}2

]
dt

≤ (b− a)
∫ 1

0

[{
[f (a)]t [f (b)]1−t

}2

+
{
[g (a)]t [g (b)]1−t

}2

+
{

[h (a)]t [h (b)]1−t
}2
]
dt

= (b− a)

{
f2 (b)

∫ 1

0

[
f (a)
f (b)

]2t
dt + g2 (b)

∫ 1

0

[
g (a)
g (b)

]2t
dt +h2 (b)

∫ 1

0

[
h (a)
h (b)

]2t
dt

}

= (b− a)
{

1
2
f2 (b)

∫ 2

0

[
f (a)
f (b)

]σ
dσ +

1
2
g2 (b)

∫ 2

0

[
g (a)
g (b)

]σ
dσ +

1
2
h2 (b)

∫ 2

0

[
h (a)
h (b)

]σ
dσ

}

=
1
2

(b− a)




f2 (b)




[
f(a)
f(b)

]σ

log f(a)
f(b)




2

0

+ f2 (b)




[
g(a)
g(b)

]σ

log g(a)
g(b)




2

0

+h2 (b)




[
h(a)
h(b)

]σ

log h(a)
h(b)




2

0





=
1
2

(b− a)
{

[f (a) + f (b)]
f (a) − f (b)

logf (a) − logf (b)
+ [g (a) + g (b)]

g (a) − g (b)
log g (a) − log g (b)

+ [h (a) + h (b)]
h (a) − h (b)

logh (a) − logh (b)

}

=
1
2

(b− a) {[f (a) + f (b)]L (f (a) , f (b)) + [g (a) + g (b)]L (g (a) , g (b))

+ [h (a) + h (b)]L (h (a) , h (b))} .

The desired inequality in (2.3) follows by rewriting (4.5).
It is easy to observe that

(4.6)
∫ b

a

f (x) g (x)h (x) [f (x) + g (x) + h (x)] dx

= (b− a)
∫ 1

0

f (ta+ (1 − t) b)g (ta+ (1 − t) b)h (ta+ (1 − t) b)

× [f (ta+ (1 − t) b) + g (ta+ (1 − t) b) + h (ta+ (1 − t) b)]dt.

Using the elementary inequalities (see [5])

c1c2c3 [c1 + c2 + c3] ≤
1
3

(c1c2 + c2c3 + c3c1)
2 ,
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c1c2 + c2c3 + c3c1 ≤ c21 + c22 + c23 and (c1 + c2 + c3)
2 ≤ 3

(
c21 + c22 + c23

)

(for c1, c2, c3 reals ), we observe that

∫ b

a

f (x) g (x)h (x) [f (x) + g (x) + h (x)]dx

≤ (b− a)
∫ 1

0

[{
[f (a)]t [f (b)]1−t

}4

+
{

[g (a)]t [g (b)]1−t
}4

+
{
[h (a)]t [h (b)]1−t

}4
]
dt.

The rest of the proof can be completed by following the proof of inequality (2.3) with
suitable modifications. Here we omit the further details.
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[12] J.E. Pečarić, F. Proschan and Y.L. Tong, Convex Functions, Partial Orderings and
Statistical Applications, Academic Press, New York, 1991.



In: Advances in Inequalities for Special Functions
Editors: P. Cerone and S. S. Dragomir, pp. 125–132

ISBN 978-1-60021-919-1
c© 2008 Nova Science Publishers, Inc.

On Growth Rates of Weierstraß ℘′(z) and ℘(z)

Tibor K. Pogány
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Abstract. Non–negative functions L, R are given such that L(z) ≤ |℘′(z)| ≤ R(z), where
L(z) = O(H(2|z|)δ−4

z ), R(z) = O(δ−3
z ) and δz := infZ2 |z − Z2 |, z ∈ C. Here

H(r) :=
min{r2 − [r2], [r2] + 1 − r2}

2r + 1/
√

2
(r ≥ 0),

with [a] being the integer part of a. Using this result growth rates are deduced for |℘(z)|.
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1 Introduction

According to [10, Chapter XX] we introduce the Weierstraßian elliptic function

(1.1) ℘(z) = z−2 +
∑′

(m,n)∈Z2

(
(z − Ωm,n)−2 − Ω−2

m,n

)
,

where, for brevity, we write Ωm,n := m + ni and Σ′ means that the summation excludes
simultaneously zero values of m and n. The series converges absolutely and uniformly (with
respect to z) except near its double poles Ωm,n. Therefore ℘(z) is analytic throughout the
set C \ Z2 and its legitimate term by term differentiation results in

(1.2) ℘′(z) = −2
∑′

(m,n)∈Z2

(z − Ωm,n)−3 .

The function ℘′(z) is analytic except at its poles. Both functions are elliptic [10, p.435].
The main result which connects ℘ and ℘′ is the differential equation

(1.3) ℘′2(z) = 4℘3(z) − g2℘(z) − g3 (z ∈ C \ Z2)

where

(1.4) g2 = 60
∑′

(m,n)∈Z2

Ω−4
m,n, g3 = 140

∑′

(m,n)∈Z2

Ω−6
m,n



126 Tibor K. Pogány

are the so–called Weierstraß invariants, defined by appropriate Eisenstein series (1.4). Re-
cently Dienstfrey and Huang reported [1, p.2] that the square lattice sums mentioned above
possess the integral representations

Ek(i) =
∑′

(m,n)∈Z2

(m + ni)−k =
8

(k − 1)!

∫ ∞

0

λk−1 cos2(λ/2)
eλ − 2 cos(λ) + e−λ

dλ

for k ≡ 0 (mod 4), Ek(i) = 0 otherwise. Therefore we conclude

(1.5) g2 = 60E4(i), g3 = 0 .

Actually, the second relation in (1.5) is a consequence of the fact that the so–called
period cell of ℘(z) is congruent to the unit square [0, 1]2, i.e. Ωm,n = m · 1 + n · i, [3, p.31].
So

(1.6) ℘′2(z) = 4℘3(z) − g2℘(z) (z ∈ C \ Z2) .

We shall next introduce the Weierstraß Sigma–function defined as

σ(z) = z
∏′

(m,n)∈Z2

(
1 − z

m+ ni

)
exp

{
z

m+ ni
+

z2

2(m+ ni)2

}
,

where the dashed product means that the factor with m = n = 0 is omitted. The classical
connections between ℘ and σ are presented e.g. in [3, §52], [10, p.447]. In this short essay
we will exploit certain growth estimates of σ(z). However, the local growth estimation of
Weiertraß Sigma does not have a rather recent history. The first result of this kind known
by the author is given in [6], where lnMσ(r) ∼ πr2/2; r → ∞ is proved (Mσ(r) stands for
the maximum modulus of σ on the circle |z| = r), see also [9, Chapter 4/§1, Problem 49],
where this result is quoted from the book [6]. After that Hayman proved that there exist
absolute constants K1,K2 with K1 < K2, for which

(1.7) K1 δz e
π|z|2/2 ≤ |σ(z)| ≤ K2 δz e

π|z|2/2 (z ∈ C),

where δz = infZ2 |z − Z2|. Finally, we pointed out that the uniform numerical values of
Hayman constants were obtained [7, 8], which reads as follows

(1.8) K1 = K1(1/
√

2) =

(
1 − π4

360

)(
1 − π2

24

(
G − π2

15

))2

e−
π
4 , K2 = K2(0) .

Here G =
∑

n∈N(−1)n−1(2n− 1)−2 is the famous Catalan’s constant and Kj(·), j = 1, 2
are explicitly given by (2.7) and (2.8) respectively.

The second important result we will need in the sequel connects ℘(z) and σ(z). Namely,
the identity

(1.9) ℘(z) − ℘(y) = − σ(z + y)σ(z − y)
σ2(z)σ2(y)

hold and it is given in [10, Example 1., p.451], for example.
Our main task will be here to establish two non–negative guard–bound functions L,R

depending only on δz and on the modulus |z|. These guard functions appear in the bounding
inequality

L(z) ≤ |℘′(z)| ≤ R(z).

Further questions arise immediately, such as the
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(1) existence of absolute constants L,R > 0 that L(z) = L δ−αz , R(z) = Rδ−βz ;

(2) belonging bounding inequality for |℘(z)|.

We will give some answers to these questions after establishing the main results of the
article.

2 Main Results

The function H(·) was introduced previously (see the Abstract). So

H(r) =
min{r2 − [r2], [r2] + 1 − r2}

2r + 1/
√

2
(r ≥ 0) ,

where [a] denotes the integer part of a ∈ R. The function H(·) will play one of the most
crucial roles in the formulation of our main result.

Theorem 2.1. There are non–negative real guard–functions

L(z) =
K1H(2| z|)

δ4z
exp

{
π

4

(
1 − 8

3
π2G δ4z

)}
,(2.1)

R(z) =
2 exp{8π2Gδ4z/3 + 2πδz(2δz −H(2|z|))}

δ3z
(
1 − π4

90 δ
4
z

)4 (
1 −

(
π2G

6 − π4

90

)
δ4z

)8(2.2)

such that

(2.3) L(z) ≤ |℘′(z)| ≤ R(z)

except at the poles of ℘(z); K1 is described in (1.8).

Proof. Firstly we will connect ℘′(z) and σ(z) by

(2.4) ℘′(z) = −σ(2z)
σ4(z)

(z ∈ C \ Z2).

Indeed, putting z + ∆z 7→ z, z 7→ y in (1.9) we get

℘(z + ∆z) − ℘(z)
∆z

= − σ(2z + ∆z)σ(∆z)
σ2(z + ∆z)σ2(z) ∆z

.

Letting ∆z → 0 we arrive at (2.4), because near to zero σ(∆z) ∼ ∆z.
As the next step, we give the bilateral bounding estimate

(2.5) H(2|z|) ≤ δ2z ≤ 2δz (z ∈ C) .

The left–hand inequality is proved earlier in [7, Lemma 1]. The right–hand estimate is
straightforward. Indeed, we have

δ2z = inf
(m,n)∈Z2

|2z −m − ni| ≤ inf
(m,n)∈Z2

|z −m− ni|+ inf
(k,`)∈Z2

|z − k − `i| = 2δz.

The suitable estimates for the Sigma–function are [7, Theorem 1]:

(2.6) δzK1(δz) ≤ |σ(z)| exp
{
−π

2
|z|2
}
≤ δzK2(δz),
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where

K1(δz) =
(

1 − π4δ4z
90

)(
1 −

(
π2G

6
− π4

90

)
δ4z

)2

exp
{
−π

2
δ2z

}
;(2.7)

K2(δz) = exp
{
π2G

6
δ4z −

π

2
δ2z

}
.(2.8)

Now, combining (2.5), (2.6), (2.7) and (2.8) we arrive at

|℘′(z)| ≤ δ2zK2(δ2z) exp{π|2z|2/2}
δ4zK

4
1 (δz) exp{2π|z|2}

=
δ2z exp

{
π2G

6
δ42z − π

2
δ22z + 2πδ2z

}

δ4z

(
1 − π4δ4z

90

)4 (
1 −

(
π2G

6
− π4

90

)
δ4z

)8

≤
2 exp

{
8π2G

3 δ4z + π
2

(
4δ2z − δ22z

)}

δ3z

(
1 − π4δ4z

90

)4 (
1 −

(
π2G

6
− π4

90

)
δ4z

)8 .(2.9)

Having in mind (2.5), we get

4δ2z − δ22z = (2δz + δ2z)(2δz − δ2z) ≤ 4δz(2δz −H(2|z|)).

Applying this estimate to the numerator of (2.9) we easily deduce the functional upper
bound (2.2), which is denoted by R(z).

On the other hand we derive L(z) by a similar procedure. Indeed, we have

|℘′(z)| ≥ δ2zK1(δ2z) exp{π|2z|2/2}
δ4zK

4
2 (δz) exp{2π|z|2}

=
δ2z

(
1 − π4δ4z

90

)(
1 −

(
π2G

6
− π4

90

)
δ4z

)2

exp
{
−π

2
δ22z
}

δ4z exp{2π2Gδ4z/3 − 2πδ2z}

≥
H(2|z|) min

δ2z∈[0,1/
√

2]

(
1 − π4δ4z

90

)(
1 −

(
π2G

6
− π4

90

)
δ4z

)2

δ4z exp{2π2Gδ4z/3}
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≥
H(2|z|)

(
1 − π4

360

)(
1 − π2

24

(
G − π2

15

)2
)2

δ4z exp{2π2Gδ4z/3}

=
K1H(2|z|) eπ/4

δ4z
e−

2
3 π

2Gδ4z .(2.10)

The proof is complete.

Theorem 2.2. The bounds

(2.11) LH(2|z|) δ−4
z ≤ |℘′(z)| ≤ R δ−3

z

hold true, where

L := K1 exp

{
π

4

(
1 − 2πG

3

)}
(2.12)

R := 2K−4
1 exp

{
2
3
π2G

}
.(2.13)

Proof. Maximizing ρ(z) := R(z)δ3z and minimizing λ(z) := L(z)
(
H(2|z|)

)−1
δ4z on the whole

range of δz ∈ [0, 1/
√

2 ] we clearly conclude that R = ρ(1/
√

2), L := λ(1/
√

2) are the desired
uniform constants.

Lastly, let us consider the belonging evaluation of modulus of Weierstraß Pe–function
|℘(z)| in the light of the bounds derived here for |℘′(z)|. But at first, we prove that g2 > 0.
At this point let us introduce the Jacobi Theta function

(2.14) θ(x) =
∑

n∈Z

e−n
2 x (x ∈ R) .

consult for example [2, p.62].

Theorem 2.3. There holds true

(2.15) g2 =
2π2(2π2 + G)

3
− 80

∫ ∞

0

(
∂

∂x
θ(x)

)2

x3 dx ≥
8π2

3
(
2π2 − 15G

)
.

Proof. By direct calculation we have

g2 = 60
∑′

(m,n)∈Z2

1
(m + ni)4

= 240

(
ζ(4) +

∑

(m,n)∈N2

m4 + n4 − 6m2n2

(m2 + n2)4

)
(2.16)

= 240

(
ζ(4) +

∑

(m,n)∈N2

1
(m2 + n2)2

− 8
∑

(m,n)∈N2

m2n2

(m2 + n2)4

)
,

where ζ(s) =
∑

n∈N n
−s denotes the Riemann Zeta function. By a Borwein & Borwein

result [8, Theorem 1] we have

∑

(m,n)∈N2

1
(m2 + n2)2

=
π2

6

(
G − π2

15

)
,
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therefore g2 becomes

(2.17) g2 = 40π2G − 1920
∑

(m,n)∈N2

m2n2

(m2 + n2)4
.

Taking the familiar formula

1
αs

=
1

Γ(s)

∫ ∞

0

e−αxxs−1 dx,

in which we set α = m2 + n2, s = 4, it is straightforward that

∑

(m,n)∈N2

m2n2

(m2 + n2)4
=

1
6

∫ ∞

0

(∑

n∈N

n2e−n
2x

)2

x3 dx =
1
24

∫ ∞

0

(
∂

∂x
θ(x)

)2

x3 dx .

Now, by all these transformations (2.17) becomes the asserted formula (2.15).
It remains to prove the lower bound in (2.15). However, by the Arithmetic mean–

Geometric mean inequality we have

∑

(m,n)∈N2

4m2n2

(m2 + n2)4
≤

∑

(m,n)∈N2

1
(m2 + n2)2

=
π2

6

(
G − π2

15

)
.

Inserting this estimate into (2.17), we arrive at the lower bound in (2.15).

Theorem 2.4. Let z ∈ C \ Z2 fixed. Then

(2.18) |℘(z)|

≤





R2/3

2δ2z

(
1 + 3

√
1 +

√
1 − g3

2 δ
12
z

27R4

)
=: Q+(z) |℘′(z)| >

(
g2/3

)3/4

2
√

g2
3

cos
(

1
3

arctan
√

g3
2 δ

16
z

27L4H4(2|z|) − 1
)

=: Q−(z) |℘′(z)| ≤
(
g2/3

)3/4
.

Proof. Let us see that there holds

(2.19) |℘(z)| ≤ T

:=





1
2

(
3

√
|℘′(z)|2 +

√
|℘′(z)|4 − (g2/3)2

+
(

3

√
|℘′(z)|2 −

√
|℘′(z)|4 − (g2/3)2

)
|℘′(z)| > (g2/3)3/4

2
√

g2/3 cos
(

1
3 arctan

√
g3
2

27|℘′(z)|4 − 1
)

|℘′(z)| ≤ (g2/3)3/4

.

Indeed, consider (1.6). By the previous theorem g2 > 0. For z ∈ C \ Z2 and t =
|℘(z)|, from |(℘′(z))2 + g2t| = 4t3 we deduce 4t3 − g2t − |℘′(z)|2 ≤ 0. The cubic function
φ(t) = 4t3 − g2t − |℘′(z)|2 attains its minimal value φ(t1 =

√
g2/3/2) = −(g2/3)3/2 −

|℘′(z)|2 < 0 and φ(t) decreases for t ∈ [0, t1) and increases for t > t1. Moreover, since
φ(0) = −|℘′(z)|2 < 0, it is not hard to see that there exists the unique, positive zero T of
this function. Therefore φ(t) ≤ 0 for all t ∈ [0, T ]. Now, it remains to get T by the Cardano
formula from 4t3 − g2t− |℘′(z)|2 = 0. This results in (2.19).
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Assume that |℘′(z)| >
(
g2/3

)3/4. Now, having in mind the bounding inequalities (2.3)
and (2.11) we easily deduce

T =
1
2

(
3

√
|℘′(z)|2 +

√
|℘′(z)|4 −

(
g2/3

)2

+
(

3

√
|℘′(z)|2 −

√
|℘′(z)|4 −

(
g2/3

)2
)

(2.20)

≤ 1
2

(
3

√
R2(z) +

√
R4(z) −

(
g2/3

)2 + R2/3(z)

)

=
R2/3(z)

2

(
1 + 3

√√√√1 +

√
1 − g3

2

27R4(z)

)

≤ R2/3

2δ2z

(
1 +

3

√√√√
1 +

√

1 − g3
2 δ

12
z

27R4

)
=: Q+(z) .

For the opposite case, i.e. when |℘′(z)| ≤
(
g2/3

)3/4, by similar argument (2.20) becomes

T ≤ 2
√

g2/3 cos

(
1
3

arctan

√
g3
2

27L4(z)
− 1

)
.

Now, by minimizing L(z) we conclude

Q−(z) := 2
√

g2

3
cos

(
1
3

arctan

√
g3
2 δ

16
z

27L4H4(2|z|) − 1

)
.

This finishes the proof of the Theorem.

3 Final Remarks

A. The bounding inequality (2.3) has a sharper form including δ2z instead of H(2|z|). How-
ever, an estimate like δ2z ≥ Cz · δz, Cz > 0 does not exist in the general case. Indeed,
z = 1 + i/2 is a working counterexample; it is not hard to see that C1+i/2 ≡ 0. Therefore,
we are forced to evaluate δ2z in different manner than in terms of δz. This results in (2.5)
for example.
B. The sharpness of bounding inequality (2.3) is an open question. However, we are not
without any result in this direction. Namely, (2.6) is sharp in the sense that the inequality
et ≥ 1 + t, (t ∈ R) is used in getting it. Therefore, (2.3) is sharp in the same manner that
et ≥ 1 + t is. The same remark could be made for (2.11).
C. In evaluating |℘(z)| we could use the formula

48℘4(z) − 24g2℘
2(z) − 48g3℘(z) = g2

2 +
16σ(3z)
σ9(z)

;

from [5], bearing in mind (1.5), then this formula becomes

(3.1) 48℘4(z) − 24g2℘
2(z) = g2

2 +
16σ(3z)
σ9(z)

.
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Solving this biquadric equation with respect to ℘(z), we get a suitable expression in
terms of σ(3z), σ(z) and g2. Then certain convenient transformations lead to bounds for
|℘(z)|.
D. Finally, it is not hard to see that

Q+(z) ≤ R2/3(1 + 3
√

2)
2δ2z

=: Qδ−2
z , Q−(z) ≤ 2

√
g2

3
.

However, the constants under consideration in the article have the following numerical
values:

Constant Numerical Value
K1 0.26574548
K2 1
L 0.129197476
R 166107.8756
Q 3414.470914
g2 189.073

It remains to remark that the lower bound obtained for the Weierstraß invariant g2 is
approximately equal to 157.9.
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József Sándor

Department of Mathematics and Computer Sciences
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1 Introduction

A. In 1887, J. Neuberg (see [7]) determined the least positive integer m such that m! =
1 · 2 · · ·m is divisible by a given power of a prime number, but overlooked exceptional cases.
These were corrected in 1918 by A.J. Kempner [8] (see also [7]), who introduced the function
S(n) = m such that m! is the smallest factorial divisible by n (his notation was µ(n) for
S(n)). Kempner established some basic properties of S(n), e.g. µ(pk) = ps for a prime p,
and k ≥ 1 integer, where s ≤ p; or S(n) = max{S(pα1

1 ), . . . , S(pαr
r )}, if n = pα1

1 · · ·pαr
r is

the prime factorization of n.
In 1980 F. Smarandache [42] rediscovered this arithmetical function. This rediscovery,

and the many new problems related to this function, have opened the way for much inter-
esting research in Number theory and related areas ([43], [44], [25], [16]).

In 1999 the author [17] (see also [18]) introduced a very large generalization of the
Smarandache (or Neuberg-Kempner-Smarandache) function. Let N∗ = {1, 2, . . .}, φ 6= A ⊂
N∗, f : N∗ → N∗, and defined

(1.1) FAf (n) = min{k ∈ A : n|f(k)},

if there exists at least a k ∈ A such that n|f(k). Similarly, the ”dual” function of (1.1) will
be defined by

(1.2) GAg (n) = max{k ∈ A : g(k)|n},

Dedicated to the 70th Anniversary of Professor József Kolumbán.
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(where g : N∗ → N∗ is a given function, and A ⊂ N∗ is a given nonvoid subset of positive
integers), if this is possible.

Some particular cases of the FAf and GAg functions are important to note. For f(k) = k!
one obtains the ”Smarandache function of a set” (see [20])

(1.3) SA(n) = min{k ∈ A : n|k!}

and its dual

(1.4) SA∗(n) = max{k ∈ A : k!|n}.

For A = N∗, (1.3) provides the Smarandache function S(n), while (1.4) the ”Smaran-
dache dual function” S∗(n):

(1.5) S(n) = min{k ∈ N∗ : n|k!}, S∗(n) = max{k ∈ N∗ : k!|n}.

The function S∗ was first introduced and studied in [17].
Let A = P - set of prime numbers. Then (1.3) gives an arithmetical function denoted

by us by P (n):

(1.6) P (n) = min{p prime : n|p!}.

Let ϕ denote the Euler totient function (see e.g. [32], [38]). Then for A = N∗, f(k) =
ϕ(k) in (1.1) one obtains the ”Euler minimum function”

(1.7) E(n) = min{k ≥ 1 : n|ϕ(k)},

introduced for the first time by P. Moree and H. Roskam [13], and rediscovered independently
by the author in [17]. For A = N∗, g(k) = ϕ(k) in (1.2) one obtains the ”Euler maximum
function”

(1.8) E∗(n) = max{k ≥ 1 : ϕ(k)|n},

introduced and studied for the first time by the author in [17], [40]. For the exponential-
totient function ϕe of the author [15], the corresponding Ee(n) can be found in [36] (Ee∗(n)
does not exist).

Let A = set of perfect squares, and A1 = set of squarefree numbers. For f(k) = k! we
get the arithmetical functions

(1.9) Q(n) = min{m2 ≥ 1 : n|(m2)!}, Q1(n) = min{m ≥ 1 squarefree : n|m!}.

For properties of Q and Q1, see [20].
Let d(n) and σ(n) denote the number, resp. sum-of divisors of n. It is immediate

that D∗(n) = max{k ≥ 1 : d(k)|n} is not well-defined, as e.g. for any prime p we have
d(pn−1) = n and pn−1 is unbounded as p → ∞. For a finite set A ⊂ N, however DA

∗ (n) =
max{k ∈ A : d(k)|n} does exist. Let

(1.10) D(n) = min{k ≥ 1 : n|d(k)},

(1.11) Σ(n) = min{k ≥ 1 : n|σ(k)}, Σ∗(n) = max{k ≥ 1 : σ(k)|n}.

For D(n), see [27], while for the function Σ(n), and Σ∗(n), see [35].
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The ”Smarandache minimum and maximum functions” have been introduced by the
author recently in [39] as

(1.12) Smin(n) = min{k ≥ 1 : n|S(k)}, Smax(n) = max{k ≥ 1 : S(k)|n}

Let ϕ∗(n) be the unitary analogue of the totient function. This function was introduced
in the 1960’s by E. Cohen (see e.g. [6]). The ”unitary totient minimum and maximum
functions” have been denoted by us as E∗(n) and E∗

∗(n):

(1.13) E∗(n) = min{k ≥ 1 : n|ϕ∗(k)}, E∗
∗(n) = max{k ≥ 1 : ϕ∗(k)|n}.

For properties of those functions, see [37].
Let T (n) =

∏
i|n i denote the product of all divisors of n. Properties of T (n) in connection

with ”multiplicatively perfect numbers” have been studied in [23]. For related results on
exponential divisors and e-perfect numbers, see [31]. For other asymptotic properties of
T (n), see [14]. For divisibility properties of T (σ(n)) with T (n), see [11], while for asymptotic
properties of sums of type

∑
n≤x 1/T (n), see [45]. See also the monograph [32].

Let

(1.14) T (n) = min{k ≥ 1 : n|T (k)}, T∗(n) = max{k ≥ 1 : T (k)|n},

be the ”product-of-divisors minimum, resp. maximum functions”. For their properties, see
[33].

In 1996 K. Kashihara (see [25]) introduced the case A = N∗, f(k) = k(k+1)
2 of (1.1),

obtaining the so-called ”pseudo-Smarandache function” Z(n) (see also [21]):

(1.15) Z(n) = min
{
k ≥ 1 : n

∣∣∣∣
k(k + 1)

2

}
.

The dual function has been introduced and studied for the first time in [26]:

(1.16) Z∗(n) = max
{
k ≥ 1 :

k(k + 1)
2

∣∣∣∣n
}
.

For many results of a new type for Z(n), Z∗(n), see our book [25]. See also [41].
Let k!! = 1 · 3 · 5 · · ·k, if k is odd; = 2 · 4 · 6 · · ·k, if k is even. The Smarandache

”double-factorial function” (see [44]) is obtained for A = N∗, f(k) = k!! in (1.1):

(1.17) SDF (n) = min{k : n|k!!}.

Its dual function has been introduced in [22]:

(1.18) SDF∗(n) = max{k : k!!|n}.

For A = N∗, f(k) = k! + (k − 1)! = (k − 1)!(k + 1) (here 0! = 1 by definition) in (1.1),
we get the ”modification of the Smarandache function” introduced in [30] by us as

(1.19) F (n) = min{k ≥ 1 : n|(k − 1)!(k + 1)}

Another Smarandache-type function, not of type (1.2) has been introduced by us in [19]
(see also [25, p. 169-170]) as

(1.20) C(n) = max
{
k : 1 ≤ k < n− 1, n

∣∣∣∣
(
n

k

)}
,
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where
(
n
k

)
= Ckn denotes a binomial coefficient.

The ”Smarandache simple function” (see [43]) is defined by

(1.21) Sp(n) = min{k ≥ 1 : pn|k!},

where p is a fixed prime number. The dual Sa∗ (n) of this function

(1.22) Sa∗ (n) = max{k ≥ 1 : k!|an},

where a is a given positive integer, as well as some extensions, has been introduced and
studied in [29].

B. The additive analogue of TAf (n) given by (1.1) can be defined as

(1.23) SAf (x) = min{k ∈ A : x ≤ f(k)}, x ∈ B ⊂ R,

where A ⊂ N∗, f : N∗ → N∗ are given. Its dual is

(1.24) TAg (x) = max{k ∈ A : g(k) ≤ x}, x ∈ C ⊂ R.

For example, when f(k) = k!, A = N, B = (1,∞), one obtains

(1.25) S(x) = min{k ≥ 1 : x ≤ k!}, x ∈ (1,+∞),

while for g(k) = k!, x ∈ [1,+∞) one obtains from (1.24) the dual of S, namely

(1.26) S∗(x) = max{k ≥ 1 : k! ≤ x}, x ∈ [1,∞).

Functions (1.25) and (1.26) were introduced in 2001 ([24]) and are called ”Sándor’s
functions”. Generally speaking, such functions have been called by various authors as Sándor
type functions. C. Adiga and T. Kim [1] have provided a generalization of Sándor’s function
by using the Euler gamma function in place of the factorial. By using the q-gamma function
of F.H. Jackson, in 2003 C. Adiga, T. Kim, D.D. Somashekara and N. Fathima [2] introduced
and studied a q-analogue of (1.25) and (1.26).

The author has also introduced additive analogues of the Pseudo-Smarandache functions
(1.15) and (1.16), as well as the Smarandache simple functions (1.21) and (1.22) as follows
([28]):

(1.27)

Z(x) = min
{
k ≥ 1 : x ≤ k(k + 1)

2

}
, x ∈ (0,∞),

Z∗(x) = max
{
k ≥ 1 :

k(k + 1)
2

≤ x

}
, x ∈ [1,∞),

(1.28)
P (x) = min{k ≥ 1 : px ≤ k!}, p > 1, x ∈ (0,∞),

P∗(x) = max{k ≥ 1 : k! ≤ px}, p > 1, x ∈ [1,∞).

The q-analogues of (1.27) and (1.28) have been studied by C. Adiga, T. Kim and J.H.
Han [3].

Let A = N∗, f(k) = ek, B = [1,∞) in (1.23), g(k) = ek, C = [e,+∞) in (1.24). These
particular cases have been considered by N. Anitha [4], who denoted these functions by

(1.29)
G(x) = min{k ≥ 1 : x ≤ ek}, x ∈ [1,∞),

G∗(x) = max{k ≥ 1 : ek ≤ x}, x ∈ [e,+∞)
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For an interesting connection of these functions with the prime numbers, see the next
section of this paper.

The additive analogues of the Euler minimum and maximum functions are introduced
in our paper [34]:

(1.30)
E(x) = min{k ≥ 1 : x ≤ ϕ(k)}, x ∈ R

E∗(x) = max{k ≥ 1 : ϕ(k) ≤ x}, x ∈ [1,∞).

For f(k) = k!, k even, A = set of even integers; while for k odd A = set of odd integers,
(1.23) gives a function denoted as Sdf1 by Z. Minhui [12]:

(1.31)
Sdf1(2x) = min{k ≥ 1 : 2x ≤ (2k)!!}, x ∈ (1,∞)

Sdf1(2x+ 1) = min{k ≥ 1 : 2x+ 1 ≤ (2k + 1)!}, x ∈ (1,∞)

For their asymptotic properties, see the next section.

2 Main Results

As we have seen in the Introduction, many new Smarandache and Sándor-type functions
are known in the literature. In what follows, we shall select for review some basic properties
of the considered functions.

2.1 Inequalities

First we state some inequalities for the functions S(n) and S∗(n) given by (1.5).
If p is a prime and x ≤ y are positive integers, then

(2.1) S(px) ≤ S(py) for 0 ≤ x ≤ y,

(2.2)
S(px)
px

≥
S(px+1)
px+1

for x ≥ 0,

(2.3) S(px) ≤ S(qx) for p ≤ q primes, x arbitrary,

(2.4) (p− 1)x+ 1 ≤ S(px) ≤ px.

For composite n, one has

(2.5)
S(n)
n

≤ 2
3
.

Clearly

(2.6) S(n) ≤ n,

with equality only for n = 1, 4, p (prime). Properties (2.1) – (2.6) are well-known standard
results, see Smarandache Notions Journal collection.
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For all positive integers m,n one has (see [25], [16])

(2.7) max{S(m), S(n)} ≤ S(mn) ≤ S(m) + S(n).

Since for m ≥ 2, S(m) ≥ 2, it is immediate that for all m,n ≥ 1 one has S(m) + S(n) ≤
S(mn), thus (2.7) refines the inequality

(2.8) S(mn) ≤ S(m)S(n)

which shows that S is a ”sub-multiplicative” function.
If n is an even number, n > 4, then

(2.9) S(n2) ≤ n,

and if n 6= p, 2p, 8 or 9, then

(2.10) S(n2) ≤ n− 1.

For many related properties, see our book [25], or paper [16].
Let S∗(n) be the dual of the Smarandache function, introduced by the author in [17].

Then

(2.11) S∗(k!m) ≥ k for all k,m ≥ 1,

(2.12) max{S∗(a), S∗(b)} ≤ S∗(a, b) for all a, b ≥ 1,

(2.13) S∗[x(x− 1) . . . (x− a+ 1)] ≥ a for all x ≥ a positive integers

(2.14) S∗((2k)!(2k + 2)!) = 2k + 2, if 2k + 3 is a prime.

The author conjectured that

(2.15) S∗((2k − 1)!(2k + 1)!) = qk − 1,

where qk is the first prime following 2k + 1. This conjecture has been proved by F. Luca
[10], K.T. Atanassov [5], and M. Le [9].

Let P (n) be the function defined by (1.6). In [17], [18] we have proved that

(2.16) 2p+ 1 ≤ P (p2) ≤ 3p− 1,

for all primes p, and that

(2.17) mp + 1 ≤ P (pm) ≤ (m + 1)p− 1

for all m ≥ 1, and all primes p ≥ p0. One has also

(2.18)
S(n) ≤ P (n) ≤ 2S(n) − 1,

P (mn) ≤ 2[P (n) + P (m)] − 1,

for all m,n ≥ 1.
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Let E(n) and E∗(n) be the Euler minimum, respectively maximum functions defined by
(1.7) and (1.8). If pi (i = 1, r) are distinct primes, and αi ≥ 1 are integers, then (see [40])

(2.19) max{E(pαi

i ) : i = 1, r} ≤ E(n) ≤ [E(pα1
1 ), . . . , E(pαr

r )],

where n = pα1
1 · · ·pαr

r and [ , ] denotes the l.c.m. of numbers.
More generally, for A = N∗, write Ff for FAf given by (1.1).
Suppose that f has the following property:

(2.20) a|b ⇒ f(a)|f(b) (a, b ≥ 1).

Then

(2.21) Ff (pα1
1 · · ·pαr

r ) ≤ [F (pα1
1 ), . . . , F (pαr

r )]

if f satisfies the following stronger property than (2.20):

(2.22) a ≤ b ⇒ f(a)|f(b),

then

(2.23) Ff (pα1
1 · · ·pαr

r ) = max{Ff (pαi

i ) : i = 1, r}.

For example, when f(n) = n!, Ff (n) = S(n), one reobtains the Kempner-Smarandache
property stated at the beginning:

(2.24) S(n) = max{S(pα1
1 ), . . . , S(pαr

r )}

The function E∗(n) takes infinitely many times the same value, as (see [40])

(2.25) E∗(2 · 7k) = 6 for all k ≥ 1,

but as

(2.26) E∗(m!) ≥ (m!)2

ϕ(m!)
,

it follows that

(2.27) lim
m→∞

E∗(m!)
m!

= +∞.

We now quote some inequalities for Σ(n) and Σ∗(n) given by (1.11). Our results are
contained in [35].

For all primes p one has

(2.28) Σ(p+ 1) ≤ p ≤ Σ∗(p + 1)

For all primes p one has also

(2.29) Σ∗(p + 1) = p,

and if (p+ 1)/n, then

(2.30) Σ∗(n) ≥ p
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Let p be a prime such that p 6∈ σ(N∗). Then

(2.31) Σ∗(p) = 1

More generally, if for all d > 1, d|n one has d 6∈ σ(N∗), then

(2.32) Σ∗(n) = 1.

Let n be odd and suppose that Σ∗(n) 6= 1, 2. Then

(2.33) Σ∗(n) ≤
(
−1 +

√
4n− 3

2

)2

.

If n ≥ 4, then

(2.34) Σ(n) > n2/3.

For all m ≥ 2,

(2.35) (2m+1 − 1)2/3 < Σ(2m+1 − 1) ≤ 2m.

Let f : [1,∞) → [1,∞), f(x) = x+ x logx. Then

(2.36) Σ(n) ≥ f−1(n),

where f−1 is the inverse function of f .
For all Mersenne primes p one has

(2.37) Σ(p) ≤ p+ 1
2

.

For the Smarandache minimum and maximum functions given by (1.12) the following
inequalities are true (see [39]):

(2.38) Smin(n) ≥ n for all n ≥ 1,

with equality only for n = 1, 4, p (prime)

(2.39) Smin(n) ≤ n! ≤ Smax(n) for all n ≥ 1.

For all primes p one has

(2.40) Smax(p) = p!,

and

(2.41) Smin(2p) ≤ p2 ≤ Smax(2p).

More generally, for all m ≤ p,

(2.42) Smin(mp) ≤ pm ≤ Smax(mp).

For all primes p and q, p < q one has

(2.43) Smin(pq) ≤ qp ≤ pq ≤ Smax(pq).

(2.43) is true also when p = 2 and q ≥ 5.
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Let now E∗(n) and E∗
∗(n) be the unitary totient minimum and maximum functions. The

following results are selected from [37]:

(2.44) ϕ∗(E∗
∗(n))|n|ϕ∗(E∗(n)) for all n ≥ 1.

In particular,

(2.45) ϕ∗(E∗
∗(n)) ≤ n

and

(2.46) ϕ∗(E∗(n)) ≥ n

One has

(2.47) E∗(n) ≥ (n1/r + 1)r ≥ n+ 1 for all n ≥ 2,

where r = number of distinct prime divisors of E∗(n).
For all odd primes p one has

(2.48) E∗(p− 1) = p,

but for all primes p,

(2.49) E∗
∗(p− 1) ≥ p.

One has

(2.50) P1(E∗
∗(p − 1)) ≤ p for p ≥ 3,

where P1(m) here denotes the greatest prime factor of m.
The following result relies on certain diophantine equations:

(2.51) E∗
∗(pk) =





2m, if p = 2, where m is a positive integer;

2, if p ≥ 5 is not a Mersenne prime;

2k, if p = 2k − 1 is a Mersenne prime.

For the arithmetical functions T (n) and T∗(n) given by (1.14) the following results are
true (see [33]):

Let f : [1,∞) → [0,∞), f(x) =
√
x logx. Then

(2.52) f−1(logn) < T (n) ≤ n

for all n ≥ 1, where f−1 denotes the inverse function of f .
If n is squarefree, then

(2.53) T∗(n) = P (n),

where P (n) is the greatest prime factor of n, but

(2.54) T∗(pk) = pα

for a prime p and integer k ≥ 1, where α is the greatest integer such that

α(α+ 1)
2

≤ k.
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If p, q are distinct primes, then

(2.55) T∗(psq) =

{
max{p, q}, if s is not a triangular number,

max{pm, q}, if s = m(m+1)
2

= triangular number.

There are many inequalities related to the pseudo-Smarandache functions Z(n) and
Z∗(n) given by (1.16). The following results are extracted from [21] and [26]. See also the
book [25]

(2.56) Z(n) ≤

{
n, for n odd,

2n− 1, for n even,

(2.57) Z(n) ≥ −1
2

+

√
2n+

1
4
, for all n ≥ 1

which is best possible. As applications, one can deduce that

(2.58) lim inf
n→∞

Z(n)
n

= 0, lim sup
n→∞

Z(n)
n

= 2,

(2.59) lim inf
n→∞

|Z(2n) − Z(n)| = 0, lim sup
n→∞

|Z(2n) − Z(n)| = +∞,

(2.60) lim inf
n→∞

|S(Z(n)) − Z(S(n))| ≤ 1, lim sup
n→∞

|S(Z(n)) − Z(S(n))| = +∞,

(2.61) Z∗(n) ≤
√

8n+ 1 − 1
2

for all n ≥ 1.

As a consequence,

(2.62) lim inf
n→∞

Z∗(n)√
n

= 0, lim sup
n→∞

Z∗(n)√
n

=
√

2.

One has, for all n, a, b ≥ 1 the chain of inequalities

(2.63) 1 ≤ Z∗(n) ≤ Z(n),

(2.64) max{Z∗(a), Z∗(b)} ≤ Z∗(ab),

(2.65) max{Z∗(a), Z∗(b)} ≤ max{Z(a), Z(b)} ≤ Z(ab).

The above inequalities may be used to study arithmetic properties of Z(n) and Z∗(n).
For example, the series

(2.66)
∑

n≥1

Z∗(n)/n! and
∑

n≥1

(−1)n−1Z∗(n)/n!
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are irrational.
We now state some inequalities for the additive analogues of Euler minimum and maxi-

mum functions, given by (1.30) (see [34]).
One has

E(n) ≥ E(n) and E∗(n) ≤ E∗(n);

(2.67) max{ϕ(1), ϕ(2), . . . , ϕ(E(n) − 1)} < n ≤ ϕ(E(n));

ϕ(E∗(n)) ≤ n < min{ϕ(E∗(n) + l) : l ≥ 1}.

For all n ≥ 2,

(2.68) E(n) ≥ n+ 1, E∗(n) ≥ n+ 1,

but
E∗(n) < n3/2 for n ≥ 12, E(n) < n3/2 + 1 for n ≥ 30.

For the number-of-divisors minimum function D(n) of (1.10), in paper [27] we have
proved that

(2.69) D(n) ≤ 2n−1 for all n,

with equality for n = prime.
For the function Sa∗(n) given by (1.22) we note the following: If a = pα1

1 · · ·pαr
r is the

prime factorization of a > 1; p1 < · · · < pr; and if p 6= pi (i = 1, r), then

(2.70) Sa∗ (n) ≤ p− 1.

In particular, Sp∗ (n) = 1 if p ≥ 3, = 2 if p = 2, for any prime p.
For the function F (n) of (1.19) we have:

F (p) = p− 1 for all primes p,

F (n) ≤ n− 1 for n ≥ 2, F (k!) = k + 1 (k ≥ 3), F (1) = F (2) = 1.

As a corollary, F (n) < S(n) and F (m) > S(m) are true for infinitely many numbers n
and m.

2.2 Asymptotic Properties

In 2001 the author [24] studied the real functions S(x) and S∗(x). It is immediate that

(2.71) S∗(x) ≤ S(x) ≤ S∗(x) + 1,

thus from some point of view, it is sufficient to study properties of S∗(x). The function
S∗ (defined on [1,+∞)) is a surjective and increasing function; is continuous for all x ∈
[1,∞) \A, where A = {k! : k ≥ 2}, and S∗ is continuous from the right in x = k! (k ≥ 2),
but it is not continuous from the left. The function S∗ is differentiable on (1,∞) \A, and
has a right derivative in A ∪ {1}. The function S∗ is Riemann integrable on [a, b] ⊂ R for
all a < b.

The following results are also true:

(2.72) S∗(x) ∼
logx

log logx
as x→ ∞.
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The series

(2.73)
∞∑

n=1

1
n(S∗(m))α

is

{
convergent for α > 1

divergent for α ≤ 1.

Let Γ be the Euler gamma function. In the paper [1], C. Adiga and T. Kim defined the
following generalization of S(x) and S∗(x):

(2.74)
Ta(x) = min{k ≥ 1 : x ≤ Γ(a+ k)} for x ∈ (Γ(a+ 1),∞)

Ta∗(x) = max{k ≥ 1 : Γ(a+ k) ≤ x} for x ∈ [Γ(a+ 1),∞)

where a is a fixed positive real number. They proved similar results to (2.68) and (2.69):

(2.75) Ta∗ (x) ∼
logx

log logx
as x → ∞.

The series

(2.76)
∞∑

n=1

1
n(Ta∗ (n))α

is

{
convergent for α > 1

divergent for α ≤ 1.

Let q > 0 be a fixed real number. By defining the q-factorial of n by (n!)q = 1 · (1 +
q)(1 + q + q2) · · · (1 + q + q2 + · · ·+ qn−1), F.H. Jackson (see [2]) defined the q-analogue of
the Gamma function by

(2.77) Γq(x) =
(q; q)∞
(qx; q)∞

(1 − q)1−x, 0 < q < 1,

and

Γq(x) =
(q−1; q−1)∞
(q−x; q−1)∞

(q − 1)1−xq(
x
2), q > 1,

where (a; q)∞ =
∏∞
n=0(1 − aqn).

Now defining Sq and Sq∗ as in (2.74), replacing a = 1 and Γ with Γq, in [2] the following
results are proved:

(2.78) Sq∗ (x) ∼ logx

log
(

1
1−q

) for 0 < q < 1.

The series

(2.79)
∞∑

n=1

1
n(Sq∗ (n))α

is

{
convergent for α > 1

divergent for α ≤ 1 (0 < q < 1).

Clearly Sq(x) → S(x), Sq∗ (x) → S∗(x) as q → 1−.
In the paper [28] we studied the asymptotic properties of the functions Z(x) and P (x),

etc. given by (1.27) and (1.28). These are the following:

(2.80) Z∗(x) ∼
1
2
√

8x+ 1 (x→ ∞),

(2.81) log p∗(x) ∼ logx (x→ ∞).
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The series

(2.82)
∞∑

n=1

1
(Z∗(n))α

is

{
convergent for α > 2

divergent for α ≤ 2.

The series

(2.83)
∞∑

n=1

1
n

(
log logn
logP∗(n)

)α
is

{
convergent for α > 1

divergent for α ≤ 1.
,

Recently, C. Adiga, T. Kim and J.H. Han [3], by using the theory of q-gamma functions,
have defined

(2.84) Zq(x) = min
{

1 − qk

1− q
: x ≤ Γq(k + 2)

2Γq(k)

}
, k ≥ 1, x ∈ (0,∞),

where 0 < q < 1. Zq∗ will be its dual. Similarly, let

(2.85) Pq(x) = min{k ≥ 1 : px ≤ Γq(k + 1)}, p > 1, x ∈ (0,∞),

(2.86) Pq∗(x) = max{k ≥ 1 : Γq(k + 1) ≤ px}, p > 1, x ∈ [1,∞).

They proved the following results:

(2.87)
√

1 + 8xq− (1 + 2q)
2q2

< Zq∗ (x) ≤
√

1 + 8xq − 1
2q

, x ≥ Γq(3)
2Γq(1)

and that

(2.88) P∗(x) ∼
x logp

log
(

1
1−q

) (x→ ∞)

Sándor’s result (2.80) is reobtained from (2.87), by letting q → 1−.
In [4] N. Anitha studied the asymptotic properties of functions G and G∗, given by

(1.29). She proved the following estimates:

(2.89) π(x) ∼ x

G∗(x)
as x→ ∞,

where π(x) denotes the number of all primes ≤ x; and

(2.90) G∗(x) ∼ logx.

The series

(2.91)
∞∑

n=1

1
n[G∗(n)]α

is

{
convergent for α > 1

divergent for α ≤ 1.
,

Y. Yi and W. Zhang [46] have recently considered the mean value of the Sándor function:

(2.92)
∑

n≤x
S(n) =

x logx
log logx

+ O(x)
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(Here S(n) is the value of the Sándor function at the positive integer n, and should not be
confused with the Smarandache function value).

Z. Minhui [12] has proved the following mean value theorem for the Sándor type function
Sdf1 given by (1.31):

(2.93)
∑

n≤x

Sdf1(n) =
2x logx
log logx

+O

(
x(logx)(log log logx)

(log logx)2

)
.

Finally we state the asymptotic estimates for the author’s functions E(x) and E∗(x) of
(1.30):

(2.94)
logE∗(x) ∼ logx, and

logE(x) ∼ logx, as x → ∞

For other estimates, and graphical representations of these functions, see [34]. For asymp-
totic results on Sp(n) of (1.21), see [47], [48]. For asymptotic results on the Smarandache
function, see the Smarandache Notions Journal Collection.

We conclude this review by mentioning that only a part of the results have been presented
here. In particular, no results on SDF (n) of (1.17), or C(n) of (1.20) are included. We
propose the interested reader to consult the references (e.g. our book [25], where many
further references are pointed out), as well as internet search engines.
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Abstract. In this article, we study the Green function of the operator ⊕k
B , iterated k−times

and is defined by

⊕k
B =

[(
Bx1 + Bx2 + · · · + Bxp

)4 −
(
Bxp+1 + · · ·+ Bxp+q

)4
]k

where p+q = n, Bxi = ∂2

∂x2
i

+ 2vi
xi

∂
∂xi

, where 2vi = 2αi +1, αi > − 1
2

[6], i = 1,2, . . . , n, k is

a nonnegative integer and n is the dimension of the space Cn. At first we study the elementary
solution or the Green function of the operator ⊕k

B and then such a solution is related to the
solution of the Bessel wave equation and the Laplacian Bessel . We found that the relationships
of such solutions which depend on the conditions of p, q and k.

1991 Mathematics Subject Classification: 46F10, 35L82, 35A55.

Key words and phrases: Diamond Operator, Tempered Distribution, Convolution Alge-
bra.

1 Introduction

Gelfand and Shilov were the first to introduce the elementary solution of the n−dimensional
classical diamond operator [2]. Later Yıldırım, Sarikaya and Ozturk showed that the solution
of the convolution form u(x) = (−1)kS2k(x) ∗ R2k(x) is a unique elementary solution of
♦kBu(x) = δ [9]. Kananthai, Suantai and Longani have studied the elementary solution of
the n−dimensional classical operator ⊕k and the classical operator ⊕krelated to the wave
equation and Laplacian [3]. In this paper, firstly we introduce the operator ⊕kB as (1.4).
Later we can find the elementary solution K(x) of the operator ⊕kB , that is ⊕kBK(x) = δ
where δ is the Dirac-delta distribution. Moreover, we can find the relationship between
K(x) and the elementary solution of the Bessel wave operator defined by (1.8) depending
on the conditions of p, q and k of (1.4) with p = 1, q = n − 1, k = 1 and x1 = t(time).

Also, we found that K(x) relates to the elementary solutions of the Laplacian Bessel
defined by (1.9) and (1.10) depending on the conditions of q and k of (1.4) with q = 0 and
k = 1.

In this article, we will define the Bessel ultra-hyperbolic type operator iterated k−times
with x ∈ R+

n = {x : x = (x1, . . . , xn), x1 > 0, . . . , xn > 0}

(1.1) �k
B = (Bx1 +Bx2 + · · ·+ Bxp −Bxp+1 − · · · − Bxp+q )

k, p+ q = n.

We showed in [9] that the generalized function RH2k(u) as defined by (1.12) is the unique
elementary solution of the operator �k

B , that is �k
BR

H
2k(u) = δ where x ∈ R+

n and δ is the
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Dirac-delta distribution. S is the Schwarz space of any testing functions and S′ is a space
of tempered distribution.

Furthermore, we showed in [9] that the function Re2k(v) as defined by (1.15) is an ele-
mentary solution of the Laplace-Bessel operator iterated k−times

(1.2) ∆k
B = (Bx1 +Bx2 + · · ·+ Bxn)k

that is, ∆k
BR

e
2k(v) = δ, where x ∈ R+

n .
The operator ♦kB was first introduced by Yıldırım, Sarikaya and Ozturk [9] and named

as the Bessel Diamond operator iterated k−times, defined by

(1.3) ♦kB =
[(
Bx1 +Bx2 + · · ·+ Bxp

)2 −
(
Bxp+1 + · · ·+Bxp+q

)2]k
.

The operator ♦kB can be expressed as the product of the operators �B and ∆B, that is

♦kB =



(

p∑

i=1

Bxi

)2

−




p+q∑

i=p+1

Bxi




2



k

=




p∑

i=1

Bxi −
p+q∑

i=p+1

Bxi



k 


p∑

i=1

Bxi +
p+q∑

i=p+1

Bxi



k

= �k
B∆k

B .

In this paper we define that the operator ⊕kB can be expressed in the form

(1.4) ⊕kB =



(

p∑

i=1

Bxi

)2

−




p+q∑

j=p+1

Bxj




2



k

×




p∑

i=1

Bxi + i

p+q∑

j=p+1

Bxj



k 


p∑

i=1

Bxi − i

p+q∑

j=p+1

Bxj



k

,

where p+ q = n is the dimension of Cn, i =
√
−1 and k is a nonnegative integer.

Let us denote the operators

(1.5) Λ1 =
p∑

i=1

Bxi + i

p+q∑

j=p+1

Bxj

and

(1.6) Λ2 =
p∑

i=1

Bxi − i

p+q∑

j=p+1

Bxj .

Thus (1.4) can be written as

(1.7) ⊕kB = ♦kBΛk1Λ
k
2 .

By putting k = 1, p = 1 and x1 = t(time) in (1.1) then we obtain the Bessel wave
operator

(1.8) �B = Bt −
n−1∑

i=1

Bxi
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and from (1.4) with k = 1 and q = 0, we obtain

(1.9) ⊕B = 44
B,p,

where

(1.10) 4B,p =
p∑

i=1

Bxi .

Denote by T y the generalized shift operator acting according to the law [6]

T yxϕ(x) = C∗
v

∫ π

0

· · ·
∫ π

0

ϕ

(√
x2

1 + y2
1 − 2x1y1 cos θ1 , . . . ,

√
x2
n + y2

n − 2xnyn cos θn

)

×

(
n∏

i=1

sin2vi−1 θi

)
dθ1 . . .dθn,

where x, y ∈ R+
n , C∗

v =
∏n
i=1

Γ(vi+1)

Γ( 1
2 )Γ(vi)

. We remark that this shift operator is closely

connected with the Bessel differential operator [6]

d2U

dx2
+

2v
x

dU

dx
=
d2U

dy2
+

2v
y

dU

dy

U (x, 0) = f(x)
Uy(x, 0) = 0.

The convolution operator determined by the T y is as follows

(1.11) (f ∗ ϕ)(y) =
∫

R+
n

f(y)T yx ϕ(x)

(
n∏

i=1

y2vi

i

)
dy.

Convolution (1.11) is known as a B-convolution. We note the following properties of the
B-convolution and the generalized shift operator.

a. T yx 1 = 1

b. T 0
xf(x) = f(x)

c. If f(x), g(x) ∈ C(R+
n ), g(x) is a bounded function for all x > 0 and

∫ ∞

0

|f (x)|

(
n∏

i=1

x2vi

i

)
dx < ∞

then ∫

R+
n

T yx f(x)g(y)

(
n∏

i=1

y2vi

i

)
dy =

∫

R+
n

f(y)T yx g(x)

(
n∏

i=1

y2vi

i

)
dy.

d. From c., we have the following equality for g(x) = 1, namely,

∫

R+
n

T yx f(x)

(
n∏

i=1

y2vi

i

)
dy =

∫

R+
n

f(y)

(
n∏

i=1

y2vi

i

)
dy.

e. (f ∗ g)(x) = (g ∗ f)(x).



152 Mehmet Zeki Sarikaya and Hüseyin Yildirim

The Fourier-Bessel transformation and its inverse transformation are defined as follows
[7], [8]

(FBf) (x) = Cv

∫

R+
n

f(y)

(
n∏

i=1

jvi− 1
2

(xi, yi) y2vi

i

)
dy

(
F−1
B f

)
(x) = (FBf) (−x) , Cv =

(
n∏

i=1

2vi−1
2 Γ
(
vi +

1
2

))−1

,

where jvi− 1
2

(xi, yi) is the normalized Bessel function which is the eigenfunction of the Bessel
differential operator. There are the following identities for the Fourier-Bessel transformation
[4], [5].

FBδ (x) = 1

FB(f ∗ g)(x) = FBf(x) · FBg(x).

Lemma 1.1. There is the following equality for Fourier Bessel transformation

FB

(
|x|−α

)
= 2n+2|v|−2αΓ

(
n+ 2 |v| − α

2

)[
Γ
(α

2

)]−1

|x|α−n−2|v|
.

where |v| = v1 + · · ·+ vn.

The proof of this lemma is given in [7].
The proof of the following Lemma 1.2 and Lemma 1.3 can be easily seen in our paper

[9].

Lemma 1.2. If �k
BU (x) = δ for x ∈ Γ+ = {x ∈ R+

n : x1 > 0, x2 > 0, . . . , xn > 0 and u > 0},
where �k

B is the Bessel-ultra hyperbolic operator iterated k−times defined by (1.1), then
U (x) = RH2k(x) is the unique elementary solution of the operator �k

B where

RH2k(x) =
u(

2k−n−2|v|
2 )

Kn(2k)
(1.12)

=

(
x2

1 + x2
2 + · · ·+ x2

p − x2
p+1 − · · · − x2

p+q

)( 2k−n−2|v|
2 )

Kn(2k)

for

Kn(2k) =
π

n+2|v|−1
2 Γ

(
2+2k−n−2|v|

2

)
Γ
(

1−2k
2

)
Γ (2k)

Γ
(

2+2k−p−2|v|
2

)
Γ
(
p−2k

2

) .

For any complex number α, we define the function (1.12) as follows

(1.13) RHα (u) =
u(

α−n−2|v|
2 )

Kn(α)
,

where the constant Kn(α) is given by the formula

Kn(α) =
π

n+2|v|−1
2 Γ

(
2+α−n−2|v|

2

)
Γ
(

1−α
2

)
Γ (α)

Γ
(

2+α−p−2|v|
2

)
Γ
(
p−α

2

) .

Now RHα is an ordinary function if Re(α) ≥ n and is a distribution of α if Re(α) < n.
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Now, if p = 1 then (1.13) reduces to the function Mα(u) say, defined by

(1.14) Mα(u) =
u(

α−n−2|v|
2 )

Hn(α)

where u = x2
1 − x2

2 − · · · − x2
n and

Hn(α) = π
n+2|v|−1

2 2α−1Γ
(
α− n− 2 |v|

2

)
.

The function Mα(u) is called the Bessel hyperbolic kernel of Marcel Riesz.

Lemma 1.3. Given the equation ∆k
BU (x) = δ for x ∈ R+

n , where ∆k
B is the Laplace-Bessel

operator iterated k times defined by (1.2), then U (x) = (−1)kRe2k(x) is an elementary
solution of the operator ∆k

B where,

(1.15) Re2k(x) =
2n+2|v|−4kΓ

(
n+2|v|−2k

2

)

∏n
i=1 2vi− 1

2 Γ
(
vi + 1

2

)
Γ(k)

|x|2k−n−2|v|
.

For any complex number β, we define the function (1.15) as follows

(1.16) Reβ(υ) =
2−βΓ

(
n+2|v|−β

2

)

n∏
i=1

2vi− 1
2 Γ
(
vi + 1

2

)
Γ
(
β
2

)υ
β−n−2|v|

2

for Γ (β) = 2β−1π− 1
2 Γ
(
β
2

)
Γ
(
β+1

2

)
and v = x2

1 + x2
2 + · · ·+ x2

n.

The function Reβ(υ) is called the Bessel elliptic kernel of Marcel Riesz and is an ordinary
function if Re(β) ≥ n and is a distribution of β if Re(β) < n.

Let x = (x1, x2, . . . , xn) be a point of Cn and write

w = x2
1 + x2

2 + · · ·+ x2
p − i(x2

p+1 + x2
p+1 + · · ·+ x2

p+q)

and
z = x2

1 + x2
2 + · · ·+ x2

p + i(x2
p+1 + x2

p+1 + · · ·+ x2
p+q), p+ q = n.

For any complex numbers λ and τ , we define the functions as follows

(1.17) Sλ(w) =
2−λΓ

(
n+2|v|−λ

2

)

∏n
i=1 2vi− 1

2 Γ
(
vi + 1

2

)
Γ
(
λ
2

)w
λ−n−2|v|

2

and

(1.18) Tτ (z) =
2−τΓ

(
n+2|v|−τ

2

)

∏n
i=1 2vi− 1

2 Γ
(
vi + 1

2

)
Γ
(
τ
2

)z τ−n−2|v|
2 .

Lemma 1.4. The convolution RH2k(u) ∗ (−1)kRe2k(υ) is an elementary solution of the oper-
ator ♦kB iterated k−times and is defined by (1.3).
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Proof. We need to show that ♦kBU (x) = δ, for U (x) = RH2k(u)∗ (−1)kRe2k(υ), can be written
as ♦kBU (x) = �k

B∆k
BU (x) by (1.3). ∆k

BU (x) = RH2k(u) is a unique elementary solution of
the operator �k

B for n odd with p odd and q even, or for n even with p odd and q odd. By
the method of B−convolution, we have

∆k
Bδ ∗ U (x) = RH2k(u).

B−convolving both sides by (−1)kRe2k(υ), we obtain
(
(−1)kRe2k(υ) ∗ ∆k

Bδ
)
∗ U (x) = (−1)kRe2k(υ) ∗RH2k(u)

or
∆k
B

(
(−1)kRe2k(υ)

)
∗ U (x) = (−1)kRe2k(υ) ∗RH2k(u).

It follows that U (x) = RH2k(u) ∗ (−1)kRe2k(υ) by Lemma 1.3. This completes the proof.

Lemma 1.5. Let Re2k(υ) and Re2m(υ) be defined by (1.15), then

a) Re2k(υ) ∗Re2m(υ) = Re2k+2m(υ), for 2k + 2m 6= n+ 2 |v| + 2r, r = 0, 1, 2, . . .

b) �k
BR

e
2m(v) = Re2m−2k(v), where k and m are a nonnegative integer,

c) �k
Bδ = Re−2k, where k is a nonnegative integer.

Proof.
a) The proof of Lemma 1.5(a) can be seen in [9].

b) By Lemma 1.5(a) and [10] we have

δ ∗Re2m = Re2k ∗Re2m−2k

�k
BR

e
2k ∗Re2m = Re2k ∗Re2m−2k

Re2k ∗ �k
BR

e
2m = Re2k ∗Re2m−2k

and
�k
BR

e
2m(x) = Re2m−2k.

c) For k ∈ N we have the following equality [9]

FB(�k
Bδ) = Cv(−1)k |x|k .

Therefore from the inverse Fourier-Bessel transform and Lemma 1.1 we obtain

�k
Bδ =

2n+2|v|−4kΓ
(
n+2|v|−4k

2

)

∏n
i=1 2vi− 1

2 Γ
(
vi + 1

2

)
Γ(−k)

v
−2k−n−2|v|

2

or equality
�k
Bδ = Re−2k

and when k = 0, one has
Re0 = δ.

Lemma 1.6.
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i) The functions (−1)k(−i)
q
2 S2k(w) and (−1)k(i)

q
2T2k(z) are the elementary solutions of

the operators Λk1 and Λk2, respectively, where S2k(w) and T2k(z) are defined by (1.17)
and (1.18), respectively, with λ = τ = 2k. The operators Λk1 and Λk2 are defined by
(1.5) and (1.6), respectively.

ii) The functions (−1)k(−i)
q
2 S−2k(w) and (−1)k(i)

q
2 T−2k(z) are the inverses in the B−convolution

algebras of (−1)k(−i)
q
2S2k(w) and (−1)k(i)

q
2T2k(z), respectively.

Proof.
i) We need to show that

Λk1
[
(−1)k(−i)

q
2S2k(w)

]
= δ

and

Λk2
[
(−1)k(i)

q
2 T2k(z)

]
= δ.

Firstly, we have to show that

(1.19) Λk1Sλ(w) = (−1)kSλ−2k(w),

(1.20) Λk2Tτ (z) = (−1)kTτ−2k(z)

and

(1.21) S−2k(w) = (−1)k(i)
q
2 Λk1δ,

(1.22) T−2k(z) = (−1)k(−i)
q
2 Λk2δ.

Now, for k = 1,

Λk1Sλ(w) =




p∑

i=1

Bxi + i

p+q∑

j=p+1

Bxj


Sλ(w),

where Sλ(w) is defined by (1.17) and Bxi = ∂2

∂x2
i
+ 2vi

xi

∂
∂xi

. By direct computation, we obtain

Λ1Sλ(w) =
2−λΓ

(
n+2|v|−λ

2

)

n∏
i=1

2vi− 1
2 Γ
(
vi + 1

2

)
Γ
(
λ
2

) (λ− n− 2 |v|)(λ − 2)w
λ−2−n−2|v|

2
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= (−1)
2−(λ−2)Γ

(
n+2|v|−(λ−2)

2

)

n∏
i=1

2vi−1
2 Γ
(
vi + 1

2

)
Γ
(
λ−2
2

)w
λ−2−n−2|v|

2

using the properties of Gamma functions. Thus Λ1Sλ(w) = −Sλ−2(w). By repeating
k−times in operating Λ1 to Sλ(w), we obtain

Λk1Sλ(w) = (−1)kSλ−2k(w).

Similarly,
Λk2Tτ (z) = (−1)kTτ−2k(z).

Thus we obtain (1.21) and (1.22) as required. Now consider

w = x2
1 + x2

2 + · · ·+ x2
p − i(x2

p+1 + x2
p+1 + · · ·+ x2

p+q), p+ q = n

by changing the variable

x1 = y1, x2 = y2, . . . , xp = yp,

xp+1 =
yp+1√
−i
, xp+2 =

yp+2√
−i
, . . . , xp+q =

yp+q√
−i
.

We thus have
w = y2

1 + y2
2 + · · ·+ y2

p+1 + · · ·+ y2
p+q .

Denote w = r2 = y2
1 + y2

2 + · · · + y2
n and consider the generalized function wη = r2η

where η is any complex number. Now

〈wη, ϕ〉 =
∫

R+
n

wηϕ(x)dx,

where ϕ ∈ D, the space of infinitely differentiable functions with compact supports. Thus

〈wη, ϕ〉 =
∫

Rn

r2ηϕ
∂(x1, x2, . . . , xn)
∂(y1, y2, . . . , yn)

dy1dy2 . . . dyn =
1

(−i) q
2

∫

Rn

wηϕdy = 〈wη, ϕ〉 .

By Gelfand and Shilov [2], the functional r2η has simple poles at η = −n−2|v|
2 − k, k is

nonnegative and for k = 0 we can find the residue of r2η at η = −n−2|v|
2 and by [2], we have

res
η=

−n−2|v|
2

r2η =
2π

n+2|v|
2

Γ
(
n+2|v|

2

)δ(x).

Thus

(1.23) res
η=

−n−2|v|
2

wη = (i)2( q
2 ) π

n+2|v|
2

Γ
(
n+2|v|

2

)δ(x).

We next find the residues of wη at η = −n−2|v|
2 −k. Now, by direct computation we have

Λ1w
η+1 = 2(η + 1)(2η + n+ 2 |v|)wη,
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where w is defined by (1.16) and Λ1 is defined by (1.5). By k−fold iteration, we have

Λk1w
η+1 = 4k(η + 1)(η + 2) · · · (η + k)

(
η +

n+ 2 |v|
2

)

×
(
η +

n+ 2 |v|
2

+ 1
)
· · ·
(
η +

n+ 2 |v|
2

+ k − 1
)
wη

or

wη =
1

4k(η+1)(η+2)· · ·(η+k)
(
η+n+2|v|

2

)(
η+n+2|v|

2 +1
)
· · ·
(
η+n+2|v|

2 +k−1
)Λk1w

η+1.

Thus we have

res
η=

−n−2|v|
2

wη =
1

4kk
(
η + n+2|v|

2 k − 1
)(

η + n+2|v|
2 + k − 2

)
· · · n+2|v|

2

res
η=

−n−2|v|
2

Λk1w
η+1.

By (1.23) and the properties of Gamma functions, we have

(1.24) res
η= −n−2|v|

2

wη =
2(i)

q
2 π

n+2|v|
2

4kΓ
(
n+2|v|

2
+ k
)Λk1δ(x).

Now we consider S−2k(w). We obtain

S−2k(w) = lim
η→−2k

S(w)

= π−n+2|v|
2

lim
η→−2k

w
η−n−2|v|

2

lim
η→−2k

Γ
(
η
2

) lim
η→−2k

(
2−ηΓ

(
n+ 2 |v| − η

2

))

= π−n+2|v|
2

lim
η→−2k

(η + 2k)w
η−n−2|v|

2

lim
η→−2k

(η + 2k)Γ
(
η
2

) 22kΓ
(
n+ 2 |v| + 2k

2

)

= 4kπ−n+2|v|
2

res
η=−2k

w
η−n−2|v|

2

res
η=−2k

Γ
(
η
2

) Γ
(
n+ 2 |v| + 2k

2

)
.

Since res
η=−n+2|v|

2 −k
wη = res

η=−2k
w

η−n−2|v|
2 and res

η=−2k
Γ(η

2
) = 2(−1)k

k!
by (1.24) and the prop-

erties of the Gamma function we have

S−2k(w) = (−1)k(i)
q
2 Λk1δ.

Similarly
T−2k(z) = (−1)k(−i)

q
2 Λk2δ.

Thus we have

S0(w) = (i)
q
2 δ(x) and T0(z) = (−i)

q
2 δ(x).(1.25)

Now, from (1.19)
Λk1S2k(w) = (−1)kS0(w) for η = 2k.
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Thus, by (1.25) we have

Λk1(−1)k(−i)
q
2 S2k(w) = δ(x).

It follows that (−1)k(−i) q
2S2k(w) is an elementary solution of the operator Λk1. Similarly

(−1)k(i)
q
2 T2k(z) is also an elementary solution of Λk2.

ii) We need to show that
[
(−1)k(−i)

q
2 S−2k(w)

]
∗
[
(−1)k(−i)

q
2 S2k(w)

]
= δ

and [
(−1)k(i)

q
2 T−2k(z)

]
∗
[
(−1)k(i)

q
2 T2k(z)

]
= δ.

Now, from (1.22) (−1)k(−i) q
2 S−2k(w) = Λk1δ, B−convolving both sides by (−1)k(−i) q

2 S2k(w)
we have

[
(−1)k(−i)

q
2S2k(w)

]
∗
[
(−1)k(−i)

q
2S−2k(w)

]
=
[
(−1)k(−i)

q
2S2k(w)

]
∗ Λk1δ

= Λk1
[
(−1)k(−i)

q
2S2k(w)

]
∗ δ

= δ ∗ δ = δ

by Lemma 1.6(i).
Similarly we can obtain

[
(−1)k(i)

q
2 T−2k(z)

]
∗
[
(−1)k(i)

q
2 T2k(z)

]
= δ.

Theorem 1.7. Given the equation

(1.26) ⊕kBK(x) = δ,

where ⊕kB is the operator iterated k−times defined by (1.4), δ is the Dirac-delta distribution,
x = (x1, x2, . . . , xn) ∈ R+

n and k is a nonnegative integer. Then we have

(1.27) K(x) =
[
RH2k(u) ∗ (−1)kRe2k(v)

]
∗ (−1)k(−i)

q
2S2k(w) ∗ (−1)k(i)

q
2 T2k(z)

as an elementary solution of (1.26) where RH2k(u), R
e
2k(v), S2k(w) and T2k(z) are defined by

(1.13), (1.16), (1.17) and (1.18), respectively, with α = β = η = τ = 2k, k is a nonnegative
integer.

Moreover, from (1.27) we have

(1.28) (−1)kRe−2k(v) ∗
[
(−1)k(−i)

q
2 S−2k(w)

]
∗
[
(−1)k(i)

q
2 T−2k(z)

]
∗K(x) = RH2k(u)

as an elementary solution of the operator �k
B iterated k−times defined by (1.1) and in

particular from (1.27) and (1.28) with p = 1, q = n− 1, k = 1 and x1 = t, we have

(1.29) (−1)kRe−2(v) ∗
[
(−1)k(−i)

q
2 S−2(w)

]
∗
[
(−1)k(i)

q
2T−2(z)

]
∗K(x) = M2(u)

as an elementary solution of the Bessel wave operator defined by (1.8), where M2(u) is
defined by (1.14) with α = 2. Also, for q = 0 then (1.26) becomes

(1.30) 44k
B,pK(x) = δ
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and by (1.27) we have

K(x) = (−1)kRe2k(v) ∗ (−1)kRe2k(v) ∗ (−1)kRe2k(v) ∗ (−1)kRe2k(v)(1.31)

= (−1)4kRe4k(v) = Re8k(v)

is an elementary solution of (1.30), where 44k
B,p is the Laplacian Bessel of p−dimension,

iterated 4k−times and is defined by (1.10) and v = x2
1 + x2

2 + · · ·+ x2
p.

Proof. From (1.26) and (1.4) we have

⊕kBK(x) =
(
♦kBΛk1Λ

k
2

)
K(x) = δ

B−convolving both sides of the above equation by the B−convolution
[
RH2k(u) ∗ (−1)kRe2k(v)

]
∗ (−1)k(−i)

q
2S2k(w) ∗ (−1)k(i)

q
2 T2k(z)

and the properties of the B−convolution with derivatives, we have

♦kB
[
RH2k(u) ∗ (−1)kRe2k(v)

]
∗ Λk1

[
(−1)k(−i)

q
2S2k(w)

]
∗ Λk2

[
(−1)k(i)

q
2T2k(z)

]
∗K(x)

=
[
RH2k(u) ∗ (−1)kRe2k(v)

]
∗ (−1)k(−i)

q
2S2k(w) ∗ (−1)k(i)

q
2 T2k(z)

Thus

δ ∗ δ ∗ δ ∗K(x) = K(x) =
[
RH2k(u) ∗ (−1)kRe2k(v)

]
∗ (−1)k(−i)

q
2 S2k(w) ∗ (−1)k(i)

q
2T2k(z)

by Lemma 1.4 and Lemma 1.6(i).
Thus we have (1.27) as required. Now we will relate the elementary solution K(x) given

by (1.27) to the elementary solution of the Bessel wave equation defined by (1.8) and the
Laplacian Bessel defined by (1.10). Now from (1.27) and by Lemma 1.5 and Lemma 1.6(ii)
and the properties of inverses in the B−convolution algebra, we have

(−1)kRe−2k(v) ∗
[
(−1)k(−i)

q
2S−2k(w)

]
∗
[
(−1)k(i)

q
2T−2k(z)

]
∗K(x)

= δ ∗ δ ∗RH2k(u) = RH2k(u).

Actually, by Lemma 1.2 RH2k(u) is an elementary solution of the Bessel ultra-hyperbolic
operator �k

B iterated k−times defined by (1.1).
In particular, by putting p = 1, q = n− 1, k = 1 and x1 = t in (1.27) and (1.28), RH2 (u)

reduces to M2(u) where M2(u) is defined by (1.14) with α = 2. Thus we have

(−1)kRe−2(v) ∗
[
(−1)k(−i)

q
2 S−2(w)

]
∗
[
(−1)k(i)

q
2T−2(z)

]
∗K(x) = M2(u)

as elementary solution of the Bessel wave operator defined by (1.8), where u = t2 − x2
2 −

· · · − x2
n−1.

Also, for q = 0 by Lemma 1.3 we obtain

K(x) = (−1)4kRe4k(v) = Re8k(v)

as elementary solution of (1.30), where v = x2
1 + x2

2 + · · · + x2
p. On the other hand, we

can also find K(x) from (1.27), since q = 0, we have RH2k(u) reduces to (−1)kRe2k(v) and
(−1)kS2k(w) reduces to (−1)kRe2k(v), also (−1)kT2k(z) reduces to (−1)kRe2k(v), where v =
x2

1 + x2
2 + · · ·+ x2

p.
Thus, by (1.27) for q = 0, we have

K(x) = (−1)kRe2k(v) ∗ (−1)kRe2k(v) ∗ (−1)kRe2k(v) ∗ (−1)kRe2k(v) = (−1)4kRe4k(v) = Re8k(v)

by [1].
This completes the proof.
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1 Introduction

Let I = [0, 1) . Denote by {wn (x)}∞n=0 the Paley-Walsh orthonormal system defined on I.
Thus w0 (x) ≡ 1, and for each positive integer n with dyadic development

n =
p∑

i=0

2νi , ν1 > ν2 > · · · > νp ≥ 0,

we have

wn (x) =
p∏

i=0

rνi (x) ,

where {rn (x)}∞n=0 denotes the Rademacher system of functions defined by (see, e.g. [1, p.
60], [4, p. 9-10])

rν (x) = sign sin 2νπx (ν = 0, 1, 2, . . . ; 0 ≤ x < 1).

Let D0
j (x) = wj (x) and Dk

j (x) denote the Cesáro sums of order k of the sequence{
D0
j (x)

}
(see [11] for this terminology). Then

Dk
j (x) =

j∑

r=o

Dk−1
r (x) (j ≥ 0, k ≥ 1).
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For k = 1 we get well-known Walsh-Dirichlet kernel Dj (x) of order j. Consider the
Walsh polynomials

∑m
k=n λkwk (x) with complex valued coefficients {λk} . The finite-order

differences ∆mλn are defined by ∆λn = λn−λn+1 and ∆mλn = ∆
(
∆m−1λn

)
= ∆m−1λn−

∆m−1λn+1, m = 2, 3, . . ., n = 1, 2, . . . . Petroviċ [7] proved the following complementary
triangle inequality for a sequence of complex numbers {λ1, λ2, . . . , λn} .

Theorem 1.1. Let α be a real number and 0 < θ < π
2 . If {λ1, λ2, . . . , λn} are complex

numbers such that α− θ ≤ argλν ≤ α+ θ, ν = 1, 2, . . . , n, then
∣∣∣∣∣
n∑

ν=1

λν

∣∣∣∣∣ ≥ (cos θ)
n∑

ν=1

|λν | .

For 0 < θ < π
2

denote by K (θ) the cone K (θ) = {z : |arg z| ≤ θ} . Let {bk} be a positive
nondecreasing sequence. The sequence of complex numbers {uk} is said to be m−times
complex semi-monotone if there exists a cone K (θ) such that ∆i

(
uk

bk

)
∈ K (θ) or

∆i (ukbk) ∈ K (θ) , for all i = 1, 2, . . . ,m. We note that Fejer in [3] introduced a similar
definition for a sequence of real numbers. Specifically for bk = 1, the sequence {uk} shall
be called m−times complex monotone. The definitions for complex semi-monotone
and complex semi-convex sequences (cases m = 1 and m = 2) were introduced by the
author in [8, 9, 10]. Using the concept of majorant sequence (see [8, 9, 10]) the author
obtained new bounding inequalities for Walsh polynomials with semi-monotone and semi-
convex coefficients. In this paper we shall present similar bounding inequalities for Walsh
polynomials with m− times complex semi-monotone sequences.

2 Preliminaries

Set
⊕β

s=α ns = 2−(∑β
s=α ns) (α ≤ β) . Let I (n1, n2, . . . , nk) denote the open interval




k∑

j=1

k⊕

s=j

ns,

k∑

j=1

k⊕

s=j

ns +
k⊕

s=1

ns


 .

Then the interval I (n1, n2, . . . , nk) can be obtained in the following way (see [2]). Divide
the open interval (0, 1) into the open subintervals I (1) , I (2) , I (3) , . . . with the partition
points 1

2
, 1

4
, 1

8
, . . . , where I (1) =

(
1
2
, 1
)
, I (2) =

(
1
4
, 1

2

)
, I (3) =

(
1
8
, 1

4

)
, . . . . Take the interval

I (nk) .Then I (nk) =
(
2−nk , 2−nk+1

)
. Divide the interval I (nk) into the open subintervals

I (1, nk) , I (2, nk) , I (3, nk) , with the partition points 2−nk +2−nk−1, 2−nk +2−nk−2, 2−nk +
2−nk−3, . . . , where

I (1, nk) =
(
2−nk + 2−nk−1, 2−nk+1

)

I (2, nk) =
(
2−nk + 2−nk−2, 2−nk + 2−nk−1

)

I (3, nk) =
(
2−nk + 2−nk−3, 2−nk + 2−nk−2

)

and so on. We have |I (1, nk)| = |I(nk)|
2 , |I (2, nk)| = |I(nk)|

4 , |I (3, nk)| = I(nk)
8 , where |·| de-

notes the length of the interval. Continue this process for I (nk−1, nk) , I (nk−2, nk−1, nk) , . . .
after k steps, we get I (n1, n2, . . .nk) . Set E0 = ∅ and E1 = {0} . For k ≥ 2, let Ek
be the set consisting of 0 and those partition points to get all I (n1, n2, . . .nk) , where
n1, n2, . . . , nk−1 ≥ 1. Then Ek is a countable subset of I and I\Ek = ∪I (n1, n2, . . . , nk−1),
where the union is disjoint and runs over all positive integers n1, n2, . . . , nk−1. Chen and Wu
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in [2] introduced the sequence {Qk (x) : k ≥ 0} of rational functions defined on [0, 1) below.
Set Q0 (x) = 1 and Q1 (x) = 2

x
. For k ≥ 2, define

Qk (x) =





0, x ∈ Ek

ρk

(
x−

∑k−1
j=1

⊕k−1
s=j ns

)−k
, x ∈ I (n1, n2, . . . , nk)

where n1, n2, . . . , nk−1 run over all possibilities of positive integers, and the numbers ρk are
defined by the recursive formulas: ρ0 = 1, ρ1 = 2,and for k ≥ 2,

ρk = 2k


1 +

∑

α+β<k+1
α<k,β≥2

2−α (k − β + 2)2α ρα


 .

In [2, p. 403], Chen and Wu proved that Qα (x) ≤ ρα

(
Qk(x)
ρk

)α
k

, (1 ≤ α ≤ k − 1) .

Hence
(Qα(x)

ρα

) 1
α ≤

(Qk(x)
ρk

) 1
k
, so that

1

x−
∑α−1
j=1

⊕α−1
r=j nr

≤
1

x−
∑k−1
j=1

⊕k−1
r=j nr

.

Since 1
x−

∑k−1
j=1

⊕k−1
r=j nr

> 1 for all x ∈ [0, 1) , we obtain

(
1

x−
∑α−1
j=1

⊕α−1
r=j nr

)α
≤
(

1

x−
∑k−1
j=1

⊕k−1
r=j nr

)α
≤
(

1

x−
∑k−1
j=1

⊕k−1
r=j nr

)k
,

for all x ∈ [0, 1) . It is obvious that {ρk} is a monotone increasing sequence, namely ρα ≤ ρk
for all α ≤ k. Hence

ρα(
x−

∑α−1
j=1

⊕α−1
r=j nr

)α ≤ ρk(
x−

∑k−1
j=1

⊕k−1
r=j

)k ,

so that Qα (x) ≤ Qk (x) , for all x ∈ [0, 1) and all 1 ≤ α ≤ k.

3 Main Results

Theorem 3.1. Let {uk} be a p−times complex semi-monotone sequence.

i) If ∆i
(
uk

bk

)
∈ K (θ) , for all i = 1, 2, . . . , p, then

∣∣∣∣∣
m∑

k=n

ukwk (x)

∣∣∣∣∣ ≤
bmQp (x)

cos θ

[∣∣∣∣∆p−1

(
un
bn

)∣∣∣∣+
∣∣∣∣∆p−1

(
um+1

bm+1

)∣∣∣∣

+

∣∣∣∣∣

p−1∑

s=1

∆s

(
um+1

bm+1

)∣∣∣∣∣+
∣∣∣∣
um+1

bm+1

∣∣∣∣+
∣∣∣∣∣

p−1∑

s=1

∆s

(
un
bn

)∣∣∣∣∣+
∣∣∣∣
un
bn

∣∣∣∣

]
.

ii) If ∆i (ukbk) ∈ K (θ) , for all i = 1, 2, . . . , p, then
∣∣∣∣∣
m∑

k=n

ukwk (x)

∣∣∣∣∣ ≤
b−1
n Qp (x)

cos θ

[
∣∣∆p−1 (unbn)

∣∣+
∣∣∆p−1 (um+1bm+1)

∣∣

+

∣∣∣∣∣
p−1∑

s=1

∆s (um+1bm+1)

∣∣∣∣∣+ |um+1bm+1| +

∣∣∣∣∣
p−1∑

s=1

∆s (unbn)

∣∣∣∣∣+ |unbn|

]
.
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Proof. i) Let B0
j (x) = bjwj (x) and Bkj (x) denote the Cesáro sums of order k of the sequence{

B0
j (x)

}
. Then Bkj (x) =

∑j
u=0B

k−1
u (x) , j ≥ 0, k ≥ 1. Summation by parts gives

m∑

k=n

uk
bk

(bkwk) =
m∑

k=n

∆p

(
uk
bk

)
Bpk (x)+

p−1∑

s=0

[
∆s

(
um+1

bm+1

)
Bs+1
m (x) − ∆s

(
un
bn

)
Bs+1
n−1 (x)

]
.

Hence,

∣∣∣∣∣
m∑

k=n

uk
bk

(bkwk)

∣∣∣∣∣ ≤ bm

∣∣∣∣∣
m∑

k=n

∆p

(
uk
bk

)
Dp
k (x)

∣∣∣∣∣+ bm

∣∣∣∣∣

p−1∑

s=0

∆s

(
um+1

bm+1

)
Ds+1
m (x)

∣∣∣∣∣

+ bm

∣∣∣∣∣

p−1∑

s=0

∆s

(
un
bn

)
Ds+1
n−1 (x)

∣∣∣∣∣

≤ bm

[
m∑

k=n

∣∣∣∣∆p

(
uk
bk

)∣∣∣∣ |D
p
k (x)| +

p−1∑

s=0

∣∣∣∣∆s

(
um+1

bm+1

)∣∣∣∣
∣∣Ds+1

m (x)
∣∣

+
p−1∑

s=0

∣∣∣∣∆s

(
un
bn

)∣∣∣∣
∣∣Ds+1

n−1 (x)
∣∣
]

≤ bm

[
Qp (x)

m∑

k=n

∣∣∣∣∆p

(
uk
bk

)∣∣∣∣+
p−1∑

s=0

∣∣∣∣∆s

(
um+1

bm+1

)∣∣∣∣Qs+1 (x)

+
p−1∑

s=0

∣∣∣∣∆s

(
un
bn

)∣∣∣∣Qs+1 (x)

]

≤ bmQp (x)

[
m∑

k=n

∣∣∣∣∆p

(
uk
bk

)∣∣∣∣+
p−1∑

s=0

∣∣∣∣∆s

(
um+1

bm+1

)∣∣∣∣+
p−1∑

s=0

∣∣∣∣∆s

(
un
bn

)∣∣∣∣

]
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≤ bmQp (x)
cos θ

[∣∣∣∣∣
m∑

k=n

∆p

(
uk
bk

)∣∣∣∣∣+
∣∣∣∣∣

p−1∑

s=1

∆s

(
um+1

bm+1

)∣∣∣∣∣

+
∣∣∣∣
um+1

bm+1

∣∣∣∣+
∣∣∣∣∣

p−1∑

s=1

∆s

(
un
bn

)∣∣∣∣∣+
∣∣∣∣
un
bn

∣∣∣∣

]

=
bmQp (x)

cos θ

[∣∣∣∣∆p−1

(
un
bn

)
− ∆p−1

(
um+1

bm+1

)∣∣∣∣ +
∣∣∣∣∣

p−1∑

s=1

∆s

(
um+1

bm+1

)∣∣∣∣∣

+
∣∣∣∣
um+1

bm+1

∣∣∣∣+
∣∣∣∣∣

p−1∑

s=1

∆s

(
un
bn

)∣∣∣∣∣+
∣∣∣∣
un
bn

∣∣∣∣

]

≤ bmQp (x)
cos θ

[∣∣∣∣∆p−1

(
un
bn

)∣∣∣∣+
∣∣∣∣∆p−1

(
um+1

bm+1

)∣∣∣∣+
∣∣∣∣∣

p−1∑

s=1

∆s

(
um+1

bm+1

)∣∣∣∣∣

+
∣∣∣∣
um+1

bm+1

∣∣∣∣+
∣∣∣∣∣

p−1∑

s=1

∆s

(
un
bn

)∣∣∣∣∣+
∣∣∣∣
un
bn

∣∣∣∣

]
.

ii) Let B̃0
j (x) = wj(x)

bj
and B̃kj (x) denote the Cesáro sums of order k of the sequence{

B̃0
j (x)

}
. Then

B̃kj (x) =
j∑

u=0

B̃k−1
u (x) , j ≥ 0, k ≥ 1.

Summation by parts gives,

m∑

k=n

ukbk
(
b−1
k wk

)
=

m∑

k=n

∆p (ukbk) B̃
p
k (x)

+
p−1∑

s=0

[
∆s (um+1bm+1) B̃s+1

m (x) − ∆s (unbn) B̃s+1
n−1 (x)

]
.

Then

∣∣∣∣∣
m∑

k=n

ukbk
(
b−1
k wk

)
∣∣∣∣∣ ≤ b−1

n

∣∣∣∣∣
m∑

k=n

∆p (ukbk)D
p
k (x)

∣∣∣∣∣

+ b−1
n

∣∣∣∣∣
p−1∑

s=0

∆s (um+1bm+1)Ds+1
m (x)

∣∣∣∣∣+ b−1
n

∣∣∣∣∣
p−1∑

s=0

∆s (unbn)Ds+1
n−1 (x)

∣∣∣∣∣

≤ b−1
n

m∑

k=n

|∆p (ukbk)| |Dp
k (x)| + b−1

n

p−1∑

s=0

|∆s (um+1bm+1)|
∣∣Ds+1

m (x)
∣∣

+ b−1
n

p−1∑

s=0

|∆s (unbn)|
∣∣Ds+1

n−1 (x)
∣∣

≤ b−1
n Qp (x)

[
m∑

k=n

|∆p (ukbk)| +
p−1∑

s=0

|∆s (um+1bm+1)| +
p−1∑

s=0

|∆s (unbn)|

]
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≤ b−1
n Qp (x)

cos θ

[∣∣∣∣∣
m∑

k=n

∆p (ukbk)

∣∣∣∣∣+
∣∣∣∣∣

p−1∑

s=1

∆s (um+1bm+1)

∣∣∣∣∣

+ |um+1bm+1| +

∣∣∣∣∣

p−1∑

s=1

∆s (unbn)

∣∣∣∣∣ + |unbn|

]

≤ b−1
n Qp (x)

cos θ
[
∣∣∆p−1 (unbn)

∣∣+
∣∣∆p−1 (um+1bm+1)

∣∣

+

∣∣∣∣∣

p−1∑

s=1

∆s (um+1bm+1)

∣∣∣∣∣+ |um+1bm+1| +

∣∣∣∣∣

p−1∑

s=1

∆s (unbn)

∣∣∣∣∣+ |unbn|

]
.

If bk = 1, k = n, n+ 1, . . . ,m, from Theorem 3.1, we obtain the following corollary.

Corollary 3.2. Let {uk}be a p−times complex monotone sequence, then

∣∣∣∣∣
m∑

k=n

ukwk (x)

∣∣∣∣∣

≤ Qp (x)
cos θ

[
∣∣∆p−1un

∣∣+
∣∣∆p−1um+1

∣∣+
∣∣∣∣∣

p−1∑

s=1

∆sum+1

∣∣∣∣∣+ |um+1|

∣∣∣∣∣

p−1∑

s=1

∆sun

∣∣∣∣∣+ |un|

]
.

Corollary 3.3.

i) If {ak} is a nonnegative sequence such that
{
akb

−1
k

}
is a p−times monotone sequence,

then
∣∣∣∣∣
m∑

k=n

ukwk (x)

∣∣∣∣∣ ≤ bmQp (x)

[
m∑

k=n

∆p

(
ak
bk

)
+
p−1∑

s=0

∆s

(
am+1

bm+1

)
+
p−1∑

s=0

∆s

(
an
bn

)]
.

ii) If {ak} is a nonnegative sequence such that {akbk} is a p−times monotone sequence,
then
∣∣∣∣∣
m∑

k=n

ukwk (x)

∣∣∣∣∣ ≤ b−1
n Qp (x)

[
m∑

k=n

∆p (akbk) +
p−1∑

s=0

∆s (am+1bm+1) +
p−1∑

s=0

∆s (anbn)

]
.
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row symmetry, 108

Sándor function, 136, 145
Schur concave, 86, 90
Schur concavity, 86
Schur convex, 86, 90, 97
Schur convexity, 86
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modification, 135
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symmetric functions, 86
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transcendental functions, 108
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Walsh polynomials, 162
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